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Learning skills and remembering facts in mathersasice important but they are only the
means to an end. Facts and skills are not impomeatitemselves. They are important when
we need them to solve a problem. Students will reber facts and skills easily when they
use them to solve real problems. As well as usiaghematics to solve real-life problems,
students should also be taught about the diffegpants of mathematics, and how they fit
together.

Mathematics can be taught using a step-by-stepoapprto a topic but it is important to
show that many topics are linked. It is also imaottto show students that mathematics is
done all over the world.

Teaching Methods in the Mathematics Classroom

This manual is all about the different ways you t@ach a topic in the classroom. As you
know, students learn things in many different walisey don’'t always learn best by sitting
and listening to the teacher. Students can learn by

» Practising skills on their own

» Discussing mathematics with each other
* Playing mathematical games

» Doing puzzles

» Doing practical work

* Solving problems

* Finding things out for themselves.

In the classroom, students need opportunitiesediferent ways of learning. Using a range
of different ways of learning has the following leéits:

* It motivates students

* Itimproves their learning skills

* It provides variety

* It enables them to learn things more quickly.

In this particular manual, we will look at someiaetmethods of teaching Mathematics in
relation to some selected topics of Grade 9 Mathiema

About the Manual

This manual is not simply a collection of teachigas and activities. It describes an
approach to teaching and learning mathematic¢sdtiacludes some teaching notes based on
the currently revised Grade 9 National Mathematicriculum. This manual can be best
used as part of an approach to teaching using @ @ascheme of work to guide your
teaching. It can also be used as a resource toybalgvith ideas for developing activities and
selecting teaching methods to meet the needs opwlils and to raise standards of



achievement. Keep in mind that this manual canplase the teacher’'s guide that
accompanies the Grade 9 Mathematics student tdxtldat, it will be a supplementary
guide to those teachers who would wish to use it.

Key Features of the Manual

The topics are selected from six of the seven wiiSrade 9 Mathematics curriculum. At the

beginning of each topic, the competences of th& tage written to remind you about what

you will expect from your students after teachihg specific topic. The methods suggested
here in this manual are just suggestions and sloélbe taken as prescriptions in any way.
Selected teaching notes are also given using yaofeexamples. At the end of each topic,

some exercises are given for you to practice aed ¢five them to your students.



Topic 1. Expressing Repeating Decimals as Fractiagn

Competencies

» Express repeating decimals as fraction
» Show that repeating decimals are also rational rusnb

Suggested ways of teaching this topi®resentation and Explanation by the Teacher
This is a formal teaching method which involves teacher presenting and explaining

mathematics to the whole class. It can be diffibeitause you have to ensure that all students
understand. This can be a very effective way of:

» Teaching a new piece of mathematics to a largepgodstudents
« Drawing together everyone’s understanding at aegtiges of a topic
* Summarizing what has been learnt

As a brain storming activity you may ask studeats t

» List the types of decimals they know
» Give some examples of repeating decimals

Then, you might start with a question like:

‘How can | express!. 125 as a fraction?’

Then, using examples, you can show them how!

Lesson Notes

Letx — <. 1256

Multiplying the above equation by 1000(where there 3 repeating decimals), we can have:
1000z = 41256256

Subtracting x from 1000x, we get

1000z — x = 4121.5
GGy = 1121.5
41215

G99




4121 - 4
T T 900
3
999
8243
Cleas

Example 1:

Find the fraction represented by the repeatingniaici.7.

Let n stand ford.7or 0.77777 ... So 1A stands fofF.7or 7.77777 ...

10 n andn have the same fractional part, so their differaa@n integer.

10n=77
—n=07
On=7

You can solve this problem as follows.

=7
S0, 07=7
Example 2:

Find the fraction represented by the repeatingndaii.3¢.

Let n stand fore.36or 0.363636 ... So 10 stands foB.636or 3.63636 ... and 100 stands for
36.360r 36.3636 ...

100 n andn have the same fractional part, so their differeiscan integer. (The repeating
parts are the same, so they subtract out.)

1007 = 36.36
— w= 036
D = 3

You can solve this equation as follows:

D9p =35
ﬂ:ﬁ . A 3_6 1 D3_=i
%9Now simplify 99to 11. So™ 11



Example 3:
Find the fraction represented by the repeatingraale.54..

Let n stand ford.54or 0.544444 ... So 10 stands fof.4or 5.444444 ... and 100stands for
34.40r 54.4444 ...

Since 100n and 10n have the same fractional part, their differencansinteger. (Again,
notice how the repeated parts must align to suttnatc)

100 =54.4
—1n= 5.4
9 = 49

You can solve this equation as follows.

90 = 49
=49
"= %0
“d = ﬂ
So, 54 o

Concluding Activities
Make sure that students arrive at the followingabasive statements
Every decimal numeral which is either

* A terminating decimal number, or
* Arepeating non terminating decimal number, caet@essed as a fraction.

And conversely, every fractional number represarteyminating, or repeating non —
terminating decimal number.

Practice Exercises

Find the rational number represented by each ofolf@ving:

« 0.15

e 0.714

. 3271

e 0.1428%



Topic 2: Locating Irrational Numbers on a Number Line

Competencies

* |dentify irrational numbers
+ Locate some irrational numbers on a number line.

Suggested ways of teaching this topi€Games and Presentation of the teacher

Using games can make mathematics classes very adaggyexciting and interesting.
Mathematical games provide opportunities for stisléo be actively involved in learning.
Games allow students to experience success andfas@itin, thereby building their
enthusiasm and self-confidence. But mathematicahegaare not simply about fun and
confidence building. Games help students to:

» Understand mathematical concepts

» Develop mathematical skills

* Know mathematical facts

* Learn the language and vocabulary of mathematics
« Develop ability in mental mathematics.

Game: Locate Irrational Numbers
(A game for two players)

One player chooses an irrational number to be éakiat between two consecutive integers by
the other. The player who locates the number quiskhs the game.

As a starter activity, you may ask students to pteeyabove game and then for consolidation
and practice you may give them some irrational rensildo be located in between two
integers by the students.

Lesson Notes

Example:

Locate negative square root of 14 between two cutise integers on the number line.
Forget the negative for a moment. What two numiukrss the square root of 14 come
between? As the square root of 9 is 3 and the squat of 16 is 4, the square root of 14 is
somewhere between 3 and 4. Since the questionnemgive square root, it is between -3
and -4.

Practice Exercises

Locate the following irrational numbers between taansecutive integers on the number
line.

a) square root of 21



negative square root of 75
negative square root of 118
square root of 232

square root of 600



Topic 3: Simplification of Radicals

Competencies

e Classify simplified radicals as rational or irrata
« Distinguish between like terms and unlike terms
* Use properties and theorems in simplifying radicals
Suggested ways of teaching this topi&xplanation by the Teacher and Practice of Students

Starter Activities

The teacher may start with some brainstorming durestike:

“When do we say that a radical is simplified omists simplest form?”
Expected Answers:

* When the radicand has no square factors.
* Arradical is also in simplest form when the radit@not a fraction.

Then, the teacher may explain “To put a radicaresgion in its simplest form, we make use
of the following theorem:”

Theorem: For all non-negative real numbers a angidh,x b =+va X b

Here is a simple illustratiog100 = 4 x 25 = 4 x /25=2%x5=10
Y1R= ¥9+2=T. +7 = 37,
Therefore, we have simplifiefi 3.

Let students practice the following problems thdwesefirst!
a) V28= V4-7=4-7 =247

b) W50= v25-0=v25:y2=5V2

c) V45 = ¥9-5=v9-y5=3v5

d) V98 = v49:2=7V2

&) VIE = V2222 3= 443



f) ~30C = v100-3= 10¥3
g) V150 = ¥25-6= 56

h) V80 = V16 5= 4v5

Example: Reduce the following to their lowest terms.

20 _ V45 _ 2¥5 _
A T, T, TAF

3 3 3
C) @ = The radicéis in its simplest form. The fraction cannot leelucec

What are similar radicals?
Similar radicals have the same radicand. We aglah ths like terms.
7+245 +547 + 643 -7 = 7 +8/3 + 407,

243 and 63 are similar, as are’& and-+Z. We combine them by adding their
coefficients.

Lesson Notes

Examples: Simplify each radical, and then add the similaicald.

a) 1R+ vB=3v2+24/2 =52

b)  475H - 2147 +3=4425-3 - 24419:3 ++3
=4 5% - 2. 743 ++/3
=20¥3 - 143 +v3 = A3

) 328+ 88 24112 = 3V4-T + V¥4-22 - 2V16-7
=3 247 + 202 - 2. 47
= 6v¥7 + 222 - 8¥7



= 2422 - 247

d) 3+v24+ 54 =3 +Vd-6+ V06
=3+ 26 +3/6
=3+56

e) 1- 178+ 1R = 1-¥64-2+ 02
=1-8Y2+3V2
=1-5V2

Examples: Simplify the following.

a) 4-+8 = 4-_2942 = 2-%2 On dividing each term in
2 2 the numerator by 2.
b) 10++50 = 10+5¥2 = 2+v2
S 5

6+Th _ 6+ VG _ 348

C) 6 6 3 Dividing each term by

Concluding Activities

Help students to conclude that we say that a radicamplified or is in its simplest form
when the radicand:

* Have no square factors.
* s not a fraction

Make sure that students are capable of classifsimglified radicals as rational or irrationals,
distinguishing between like terms and unlike teand they can use properties and theorems
in simplifying radical expressions allowing thempi@ctice more.



Practice Exercises

1. Simplify
a) b)
«J@ X \.E V3
85
e) f)
SQH 15\'@
34/2 g,\.l"3
2. Simplify
[~e
a) /89 +4/26
b) ﬁ — 3'\,"%
o) 3\/6@'\-@ + 4)
27—
d) 7
e) '\.I"{E - '\."’j + \-'%

2X ||' X 6X \-'%

f) V2

0
3V12 =342 /- =27
b

9) - \
h) 6V6-7v2 V6 +312)

Topic 4: Rationalization of Radicals

Competencies

» Explain the notion of rationalization.
» Identify a rationalizing factor for a given expriess

V5 x410

S

)

345

d)
V5340

h)

3412
V3




Suggested ways of teaching this topi€&xplanation by the Teacher and Practice of Students

Starter Activities: The teacher may start withiseng the rules for multiplying and dividing
radicals using examples:

The rules are:

1. va-vB = +ab

2. Nz _ (2
5=
Let students do the problems themselves first thereacher might summarize.

Example 1. Multiply.

a) ¥3. vE =+/15 b) 24%. 37 = 6¥42
c) V18 7 =36 =6 d) (2¥F)2=45=20

e) Va-ble— b=va®— b°
The difference of two squares

Example 2: Multiply, and then simplify:
Q) fl4x° « 7
b) (W& +~2) (WG — D).

Solution:

1 VxS -7 =2-7-7-x18 =772
2. The student should recognize floem those factors will produce.

The difference of two squares

(NG +MZ)(VE —NZ) = (WB)2 - (V2)?



Practice and Consolidation is needed here! Thestehcher should guide students to
recognize the forms of “difference of two squarkesting them practice on products of the
following type.

Lesson Notes

Example 3: Multiply.

a) (W5+3)(vE-+3) =5-3=2

b) (2V3+WE)(2¥3 - V&) = 43-6=12-6=6

c) (A+¥ex—1)A-"x+1) =1-(+1) =1x-1= <
d) (Va+ wb)(Va-"b) = a-b

Example 4: Given K — 1 -+7) (x — 1 +%/7)

a) What form does that produce?

Expected Answer

The difference of two squares of the forfalaf, where k- 1) is "a" and ¥ Zis "b"
b) Find the final product.
X-1-v)(x-1++2)=(x—-1)2-2
=x-X+1-2, On squaring the binomi

=x-2x-1

Example 5: Multiply.
(x+3+43)(x+3-43)=(x+3)2-3
=X +&+9-3

=X+ X+6



Example 6: Simplify the following.

VE sviC 3 ava® _ o
a)@—ﬁ b) - —41,.@ C) G = avfa? = a-a=a< TR>

What are Conjugate pairs?

The conjugate o + & isa . They are a conjugate pair.

Example 7: Multiply 6 — ~Z with its conjugate.

Solution: The product of a conjugate pair is the differeot®vo squares
(6-47)6+V7) =36-2=34

CONCLUSION

When we multiply a conjugate pair, the radical saes and we obtain a rational number.
This process is called Rationalization.

Example 8: Multiply each number with its conjugate.

1 x+ V¥ = +Vy)x - V)= -y
2-+z =(2-¥3)2++v3)=4-3=1
3. WE +42

n

This time, students should be able to write thelpeb immediately: 6 2 =4
4, 4-~F =16-5=11

Example 9: Rationalize the denominatorgef—E
N

Solution:

Multiply both the denominator and the numeratottms conjugate of the denominator; that
is, multiply them by 3+/2.

1 3—=nZ2 302
A+y7 9-2 7

The numerator becomes 82. The denominator becomes the difference of tleesmuares.



V3

Example 10:Rationalize the denominator of

SERE
Solution: V3L VI3 - 2) _ VAE — 243
VA o+ 2 3-4 -1
= —(3-2V3)
=2v3-3

Example 11: Write out the steps that show each of the falhgwequivalences.

a) = Y5 - 3)

E 4+

1 NE-B _F-B_
EeNE o 5.3 2 AR

2
b) S E = %3 E)

_ 2 _2B-N5)_2@-v¥5)_
3+v¥5  9-5 4 = V(3 -¥5)

_ 7 _ 73¥5—+v3) 7(3V5 —+3) 3Y5—+43
3WE+VE  95-3 42 6
NZ+1

d) E—1 =3+

VZ+1 _ (N2+1)°
@_1 = T 2+2-ﬁ+1,




Example 12: Simplify 1 1
¥ T

At every step of the solution the teacher is exgebtd ask the students to give reasons.

1

. 1
Solution: = Why?
1,1 G4 Y
Vi e VR
VE 4+ E
_ VSNENE — ¥5) Why?
6-5
= 645§ - 543 Why?
Example 13: Simplify - ”
Z V3
1 1
= Why?
11 3 — V2 4
W2 3 N33
- V243 Why’
¥3 =2
{233+ J2) -
= Why?
3-2
= 3VY2 + 2¥3 Why%

Concluding Activities

Make sure that the students summarize that ratzai@n of the denominator can be done by
multiplying both the denominator and the numerdtprthe conjugate of the denominator.

Check if every student has developed the skillatbbnalizing radical expressions by giving

them practice exercises.



Practice Exercises

1. Rationalize the following by multiplying with an pmpriate conjugate and simplify

b) 15+412
2. Rationalize the denominator and simplify

a) b) c)
fo 2 ,
V8 = J3+4
4 = VI A —
3 A/ 3-2
e) f) 9)
2 - 2'\";'5 \."IIE - \E klz .
9-53 Ji8 372 -243

d)

V5

V20 +4/15

h)

1 1
— ‘\,"FF/'Z + —=
6 8



Unit 2: Solution of Equations

Topic 1: Equations Involving Exponents
Competencies

* Solve equations involving exponents
* Use exponent rules

Suggested ways of teaching this topid@:eacher guided group discussion
Starter Activities
The teacher may start raising brainstorming questal the following type:

» “For what value(s) ok will 2* = 8?"
*  “When do we say’2=2"?

And, let the students come up with answers disnggsipairs or in small groups.
Expected Answers:
* x= 3for the first anck =y for the second

The teacher should summarize students discussgingdhe rules for exponents andthe fact
that for a > 0, & &if and only ifx = y.

Lesson Notes

Exponent Rules:

For a, b >0 and x and y are real numbers;

a*x a=a*"

=

a+a=a”

@)= @)= @~

a‘x b* =(ab)*

» ownbn

5. ax+ bx= (a+ b)x
Examplel: Find the value of x
a) 4%=32

b) 3*° =27



Solution:

a) 4°=32 b)3* =27
(22)2X — 25 3X+5= 33
M= 25 X+5=3
4x =5 x=3-5
X =5/4 X=-2

Example 2:Find the solution to the following equations

a) (27)(97H =8T%h) 27*= ()

Solution:
a) (7)(¢ Y =8rr

(33)(32(X—1 - 34X b)25 - X - (EJX -3
33+2x—2:34x 25-x: 2_5()(_3)
32x+1:§4x 25-x: 2-2x+6
2x+1 = 4x 5 —x = -2x +6
2x=-1 x=1
x =1/2

Example 3: Solve (2t - 37° = -1.
Solution:

Raise each side to the power -3 to eliminate tbeaond the negative sign in the exponent:

(2t-3y% =-1
[(2t - 3Y27 2 = (-1)° Raise each side to the -3 power.
(2x-3f =-1 Multiply the exponents:

There is no real number which when squared can-giveThus, the equation has no solution.
Concluding Activities
Make sure that students have got the idea, “Tceseduations involving exponents:

* Use the exponent rules and
« The fact thae*=a” if and only ifx = y.”

Practice Exercise

Solve the following equations

a) 46,\' :325x+3 b)az:s-'s — Z_X C)E_-\.SE-\.S — §X

4 /2 )




Competencies

* Solve equations involving radicals
» Write solutions of equations involving radicals

Suggested ways of teaching this topid@:eacher guided group discussion
Starter Activities
The teacher may start raising brainstorming questad the following type:

«  “For what value(s) ok will ¥* = 16? 2" = 167"
« What is the difference betweah= 16 and®* = 16
« What is the difference betweah= 16 andx = /16?

* What do you think is the solution gfx = 16?

And, let the students come up with answers disngssipairs or in small groups.
Expected Answers:

o X*=16forx=4andx = -4 ; 2= 16 for x = 4only

* They have different solutions

o x*=16forx=4andx = -4 ; x=+16for x = 4only. So, they have different
solutions

« Jx=161s true ik = 16° = 256.

The teacher then shall explain equations of theftasn are radical equations and in this

lesson students will solve equations that havevéinmble under a radical sign. At this stage,
it is also better to inform students that they Wil introduced to the concept of extraneous
roots and see the necessity of checking all selstiby substituting them back into the

original equation.

Lesson Notes

An equation that has a variable in a radicand lie¢aradical equation. The following are
some examples of radical equations:

WX T =T D+ 1-5=-1 . 3 D =%+ ; Yox+3 =5

To solve an equation having a term with a variabla radicand, start by "isolating" such a
term on one side of the equation. Then raise tpeession on each side of the equal sign to a
power equal to the index of the radical. This ieveh in the examples below.



Example 1:Solve the following equation

J+3=7

Solution:
x+3=7, =73
»\x=4
— X = 16 (squaring both sides)
Check! (Substitute x = 16 in the original equation ane st gives a true statement)
x+3 =75 V16+3=7
— 4+ 3 = 7which is true!

Example 2: Solve: vox-1-9=7

Solution:
4B5x-1-9=T, aj5r—1=7+9
- 4/5x—1=16
—+5x—1=4
—=5x -1 =16 (squaring both sides)
- bx=17

» x=17/5



Check!(Substitute x = 17/5 in the original equation areksf it gives a true statement)
—_—
A-fox —-1-9=7_ 4-\"'5(%)_ 1 -9=7

» d16—-9=7

— 16 — 9 = 7; which is true!

The teacher may pose a question: “In Examples Raitbve we checked our solution. We
did not stress the necessity of checking our smistiWhy are we doing this now?”

Answer:

Actually, checking solutions is a good practicefatbow regardless of the type of equation
you are solving. We should have done it when sgl¥hese other equations too. However, it
is especially important to check solutions whervisgl radical equations because of the
process of squaring both sides. The process ofrisguaan introduce unacceptable or
extraneous roots Because squaring can introduce these extraneots, it is essential we

check the solutions we find to any equation thabives squaring both sides. Let's see the
following example:

Example 3: Solve: v + 17 =3 =x

Solution:
m—3=><—:. [4x +17 =x+3
—4x + 17 =X+ 6x+9
=X+ 2x-8=0
=X=-40rx=2

Check!(Substitute x = -4 and x =2 in the original equatiand see which of these give atrue
statement)

For x= —4,\"4}{"'1? -3 =x = J4(—4)+ 17- 3=-4

— 1- 3=- 4 (This is wrong!)



Thus, x = —4 can’t be a solution. (We call x = - 4 extraneoontusion)

For x= 21'\!4){+1?_3=){_>

Thus, x = 2 Is a solution.

JH)+17-3= 2

—=5 -3 =2 ((This is correct!)

Multiple Radicals {Optional! The teacher could use this for brighstmdents)

Sometimes, a radical equation contains more thanterm with a variable in a radicand.
When this happens, you have to "isolate and raisg power" more than once. Generally
speaking it is better to isolate the more compdidatadical first, as this can simplify the
process of raising the expressions to a power.

Example 1: Solve: NS A -1=2

Solution:
I+ —1=2
JTE <24
(«!2}<+ ) (2+J_)

ZH+D =4+ 40— T4(x -

2H+5-d—x+1=4dx -1
K+ Z2=dx -1
(x +2)2:(4«f><—1)2

X+ A +4 =160 = 1)

)+ A +4 = 16x - 16
¥2—12x+20=0
(k=1 (x-2y=0
=10 or x=2

Check! (Substitute both x = 10 and x = 2 and sekyiou get true statements)

For x = 10,

So, the solutionis x =10 and x = 3

Forx =2,




Example 2: Solve: W3 -2+ -1=3

Solution:
Ax-2-9-x+1=-6x-1
2% =10 =-Bfx -1
K—5=-3x -1
(x5 = (35 —1)
EIE N ey ¥% = 10% + 25 = Ax - 1)
A =0 =31 ¥ —10x+25=0%-9
2 2 ¥ -19%+34=0
(VEx=2) = (3-x-1) (x=17)x-2)=0
=2 =98 —1+(x-1 *x=17 or x=2
Check!
B -2+ J(17-1=3 B2+ 5-1-3
JAS + 16 - 3 VA +1=3
T+4=3 (false) 2+1=3 [(true)
Sox =17 s an extraneous root Sox =215 asolution.

Concluding Activities

Make sure that the students got the idea of solkangcal equations asking them to tell you
the general format of solving these types of eguati The students are expected to tell you
the following summary:

Equation involving radicals can be solved by sgogrboth sides, to eliminate the
radical, and then solve for the value of the valgalA\lways checking the value obtained
on the original equation is important to avoid exteous roots in writing the solution.

Practice Exercise

1. Solve each of the following equations:

i N R
, A(-3=5 o 2+ -3 =x
, 2 -1=-3 N L
. X -4 =x o N2+ -af=1



. Solve each of the following equations:

L Nx+3 =4 o NMI0+2%-8=2
, A2x+3-x-0 o, W3 -2 -2 +4 =0
, x-2-=x-4 L X HAfBx+1=3
. 5=+ T =x b ABX+T-af =3

s Wox+1+3=x 13 WX -T-x=1
o AB-2x-2=9 B =3

. 2 =13+ 2 -7 e N2X+Afl1-x =5
g [ =A5-2x -2

6 VDT A -1=2



Topic 3: Equations Involving Absolute Values

Competencies

» Apply the definition of absolute value
» Solve equations involving absolute value

Suggested ways of teaching this tofieacher assisted jigsaw groups

Starter Activities

Obviously, the teacher shall start from the defnitof absolute value. As students were
familiar with it in the lower grades, the teachéal$ ask students to state the definition of
absolute values.

Expected Answer:[x| =xif x>0, K| = -xif x<0 and}| = 0 ix = 0.

Alternatively students might explain as:

When you take the absolute value of a number, yoaya end up with a positive
number (or zero). Whether the input was positiveegative (or zero), the output is

always positive (or zero). For instance, | 3 | =a8d | -3 | = 3 also.

If consensus is reached on the understanding ofi¢fiaition the teacher may start with
something simple like the following to be done airp or in small groups:

Example:Solve the following equations

a) |x|=6

b) [ x+2|=7

c) |x-1]=-3

d |3-x]=5
Solutions:

a) If you havex = —6, then " x " indicates "the opposite of, or, in this case, —(-6) =
+6, a positive number. The minus sign inX'"Hust indicates that you are changing
the sign orx. It doesnotindicate a negative number comes out of the abtsweliue.
This distinction can be crucial.

Thus, the solution is = -6, 6
b) Solve|x+2|=7

To clear the absolute-value bars, we must splitefeation into its possible two
cases, one case for each sign:



x+2)=7 o —k+2)=

X+2=7 o X-2=7

Xx=5 or —9=x
Thus, the solution ix = -9, 5.

c) x-1]=-3 is meaningless! As from the definitian absolute value can’t be
negative.

Thus, no solution is available.
d) | 3-x| =5 here, we shall split the equation intdwe possible two cases
(8-x)=50r—(3-x)=5
3-x=5o0or-3#«=5
X=-20rx=8
Thus, the solution ix = -2, 8.
Lesson Notes
The teacher can give equations of the followingetygp small groups where each group takes
one question. At the end of the group work, letugréeaders’ move to other groups to share

their solutions and learn the others’ solutions.

Example: Solve the following equations

a) | x+3|=2
b) | 3-% |=1
c) |2k-3)|=4
d | %-3|-4=3
Solutions:

a) | %+ 3| =2; split the equation into its two po$sitases
2x+3=20r—(+3)=2
2X+3=20r—-2-3=2
2x=-1 or-&=5
- s

X=— or —

-
= &



b) | 3 - X | = 1; split the equation into its two possiblees
3—%X=1lor —-(3-¥=1
3—-X=1lor -3+2=1
—-X=-2 or =4
X=1 ox=2
c) | 2k— 3) | = 4; split the equation into its two possitases
2x—3) =4 or - 3)=4
2x—6 =4 or &6 =4
2x =10 or —R=-2
Xx=5 or x=1
d | %-3|-4=3

First, we will isolate the absolute-value part;ttisawe will get the absolute-value expression
by itself on one side of the "equals" sign, witlesithing else on the other side:

| X-3|=7

Now we will clear the absolute-value bars by spigtthe equation into its two cases, one for
each sign:

(2x=3)=7o0r —(8-3)=7
2Xx—3=7 or —®2+3=7
2x=10 or —=®=4
x=5 or x=-2

Concluding Activities

The teacher shall make sure that the studentshgoidea of solving equations involving
absolute value by asking them to tell him/her tkaeegal format of solving these types of
equations. The students are expected to give tlving summary:

Whatever the value of x might be, taking the alisalalue of x makes it positive. Since x
might have been positive and might have been negatie have to acknowledge this
fact when we take the absolute-value bars off, yymddo this by splitting the equation

into two cases. If the value of x was positivetaot svith, then you can bring that value

out of the absolute-value bars without changingsitgn. But x might also have been
negative, in which case we would have to changeitireon x for the absolute value to

come out positive.



To be able to remove the absolute-value bars, yve ko isolate the absolute value onto
one side, and then split the equation into the pwssible cases. Then, start solving the
two linear equations obtained from the two cases.

That is,|x| =xif x> 0, k| = -xif x<0 and} =0 ifx=0.

Practice Exercises

Solve the following equations

a) |4-1]=0
b) [2+3|=-1
€ |5+ 3|=1

d |-%-1]-4=2
e) | 2x+3|-2=-1
f) -3-x|=2

9 |-1-&%|+4=2
h) | -2+3)|+2=3



Competencies

* |dentify the terms factor, trinomial,
* Factorize trinomials

Suggested ways of teaching this topid:eacher’s explanation with guided practice
Starter Activities

The process of factoring is essentially the oppasitthe FOIL Method, which is a process
used to multiply two binomials. At the beginninigetteacher shall make sure the students

understand the FOIL Method.

The teacher could ask students to examine thewwllp expression, in pairs or small groups,
which consists of one binomial in parentheses piyltig another binomial in parentheses.

(2k + 7)(3k - 10)
Let students use the FOIL Method to simplify theression.
Expected answer is the work below and a final teghich is a trinomial.

6k? - 20k + 21k - 70
6k’ + k - 70

The teacher shall make students notice that amrimaconsists of three terms.
Lesson Notes

Then the teacher should ask students “how can weogothe trinomial to factors or factor a
trinomial like this into two binomials?”

The first problem could be of the following type:
m? + 10m +16

Before attempting to factor any more, there arevagimple questions you can ask to make
sure that the expression is factorable as a triabmi



Question Answer and Reason

iAfter the GCF has already been factored out,
'all variables in the first () and last (16) terms
'to an even power

Yes. (rhis the only variable in the first and Iasi:
terms, and its exponent, 2, is an even numbe:.)

Yes. (In 10m, the middle term, m is the only

rAre all of the middle term's (10m) exponents "~ . N
. variable. Its exponent is not shown and there lore
rhalf of the power of one of the exponents on 1. L . -
| ) is 1 which is half of 2, the exponent of m in thz
routside terms? !

first term.)

The next step is to write sets of open parenthesds by side.

( X )

Handling Variables

On the left side of each set of parentheses, \atitef the variables from the first term of the
trinomial with half their exponents. The first teisn?, thus after the exponent is cut in half,
m is placed inside each set of parentheses.

(m )m )

Since all of the terms in the original set of paineses are positive, two plus signs are placed
below.

(m+ )m+ )
Handling Coefficients

Now identify the coefficient of the first and lasrms in the original set of parenthese$+m
10m + 16. The coefficients are 1 and 16. Now waillepairs of factors of 1 in a vertical
column and then write all pairs of factors of 1@&mother vertical column.

Factors of 1 Factors of 16
1*1 1*16

2*8

4*4

Choosing Factor Pairs

Now we must choose a pair of factors of 1 and agfdactors of 16 to insert into the pairs of
parentheses. But how is this done? For the numkeede is only 1 pair of factors,
eliminating any choice. Thus, the 1s can be indastethe left side of each set of

parentheses.

(Im+ )Am+ )



Finally, a pair of factors of 16 must be chosensT&a matter of trial and error. To make
sure all pairs are considered, start using faetbtise top of the list then check each pair
below it, in order.

We start by choosing the first pair, 1 * 16. Wegaldhe factors on the right side of each set
of parentheses.

(Am+ 1)(1m +16)
Now test whether this is the correct pair. Multigihg expression using the FOIL Method:

(1m? + 16m + m + 16)
(1m? + 17m + 16)

Note that the resulting trinomial is not the sareé¢h® one we started with, so this is the
incorrect pair of factors of 16. Try the next pair:

(m+ 2)m+ 8)
(m?+ 8m + 2m + 16)
(m?+ 10m + 16)

Since the result here is equivalent to the origitied correct pair of factors of 16 has been
chosen. Additionally, the answer to the problengns:+ 2)(m + 8)

Factoring a Trinomial with a Negative Sign

Example 1:Examine this expression.

$-55+6

Only one of the three terms is negative. As a teauhinus sign should not be factored out
as in the previous example. This expression willdtored much like the expression on the
previous page, but we will need to work with thenas sign as we build two sets of
parentheses.

To start factoring, first write out two empty sefgparentheses.

( X )

Handling Variables

Now on the left of each set of parentheses, wtitefdhe variables from the first term with

half the exponent. The first term 5 after dividing its exponent by two; we place the
variable s on the left of each set of parentheses.

s s )

The last term in the trinomial does not have anyabdes, so we do not need to carry any
variables into the parentheses as a result.



Handling Coefficients

Now identify the coefficient of the first and lastms in the original set of parenthesés, s
5s + 6. The coefficients are 1 and 6. Now writgails of factors of 1 in a vertical column
and write all pairs of factors of 6 in another et column.

Since this problem involves a negative term, we aislude the negative factors of 6.

Factors of 1 Factors of 6
1*1 1*6

-1%-6

2*3

-2*-3

Choosing Factor Pairs

Now we must choose a pair of factors of 1 and agfdactors of 16 to insert into the pairs of
parentheses. For the number 1, there is only oin@fpfactors, eliminating any choice. Thus
the 1s can be inserted on the left side of eacbfgErentheses.

(Is )ds )

Now a pair of factors of 6 must be chosen. This msatter of trial and error. To make sure all
pairs are considered, check each pair of factarsirsg with the pair on the top of the list and
working toward the bottom of the list.

A summary of the trial and error process usingR@¢L Method is below.
(s+1)(s+6)=%+6s+s+6="+t7s+6

(s+-1)(s-6)=%5-6s-5+6 =575 +6

(s+2)(s+3)=%+3s+25+6="s+55+6

(s-2)(s-3)=%3s-25+6=555+6

The expression’s 5s + 6 is equivalent to the original expresstberefore (s - 2)(s - 3) is the
final answer.

An Example with Two Negative Signs

The problem below is similar to the last problent, ib has two negative signs in the
expression.

Example 2: Factor (3 - 20p - 21
First, write out two sets of empty parentheses.

( X )



Write all of the variables from the first term witlalf the exponent in the front of each set of
parentheses. Again, since there are no variablg®ilast term, nothing is written on the
right side of each set of parentheses.

CHED (R

Write out the factors of the coefficients of thisfiand last terms. The previous problems
have led to the observation that the first terratsfficient of 1 results in 1 * 1 as the pair of
factors chosen.

P P )
Now the pairs of factors of 21 (both positive argjative) are computed.
Factors of -21
1*-21
-1*21
3*-7
-3*7
Use trial and error to find which pair of factoostise.
(p+1)(p-21)=p-21p+1p—-21=p20p-21

The expression®p 20p - 21 is equivalent to the original expressibherefore, (p + 1)(p -
21) is the answer.

Sum and Product Method
Example 3:Factor 6&+c - 12
The expression is a trinomial, like the expressiwh&h we factored on previous pages.

There is a small variation in this problem; howevke first term has a coefficient that is not
1.

This expression will be factored much like the othéhe main difference is that we will need
to find the correct pair of factors for the firstiin's coefficient (6) in addition to the correct
pair of factors for the last term's coefficientZ}1

Thus, try to find two numbers whose product is an@ whose sum is 1.

To do this, we need to write possible factors @ -7

Factors of -72
1*-72
-1*72
2*-36
-2* 36



3*-24
-3*24
4*-18
-4*18
6*-12
-6 *12

8*-9
-8*9

The last pair satisfies our condition, sum = 1 pratluct = -72.

Thus, the middle term of the trinomial can be weritias -8c +9c while the leading term as
(2¢)(3c) and the last term as (3)(4).

We can now have 6¢ ¢ — 12 = [(2c)(3c)- 8c]+[9¢c —(3)(4)]

Taking 2c a common term the first sum and 3 froengbcond we can have:

2c (3c —4) + 3(3c —4).

This is same as distributing (3¢ — 4) in to (20)+ 3

Thus, the factors are (3c — 4) and (2c + 3).

Example 4: Factorize -5% + 4x + 1

Solution: Start by taking out the minus sign from the leadegn.

We get:- (58— 4x — 1)

Then, leaving the minus sign as it is we can fatttertrinomial in the bracket.

Here, we need to find two numbers whose produ@&)(sl)= -5 and whose sum is —4.

The teacher may ask: “Which do you think are thagmbers?” ‘why?” to make sure that
students know what they are doing.

Expected Answer:-5 and 1.

Then we can write the given trinomial as follows:

-5x2 + 4x + 1 = -( 58— 4x — 1) = - (5X.X -5X + x — 1)
=-[5x(x=1) + 1(x-1)]

=-(5x + 1)(x-1)



Thus, the factors -(5x + 1) and (x-1).

Remember students should be reminded about treertiahs that can't be factored using sum
and product rule. Some examples aré—24x + 5; ¥— x + 1;

Concluding Activities
The teacher has to make sure that the studentsumamlerstood the process of factoring. To
factor trinomials of the form &¢bx + ¢, we need to find two numbers whose suim asd
whose product igec. If we can find the pair, say p and g, we canentite middle term as a
sum of px+qgx. Then, what remains is taking out camrand writing the factors.
Practice Exercises
1. Find the products

a) (2x+7)(5x +1)

b) (3x —1)(2x+3)

c) (2-5x)(x-1)

d) — (x-3)(3x +1)

2. Factor the following trinomials

a) x¥*-9
b) 3x*-1
c) X*—6x+9
d) x¥*+4x-5
e) 3x—4x +3
f) 8-—2c—¢8

g) —5m-m-4



Topic 5: Solving Quadratic Equations using Completig the Square

Competencies

* Perform completing square
» Solving quadratic equations using completing theaseg|

Suggested ways of teaching this topidigsaw in small groups
Starter Activities

The teacher might start with some quadratic eqoatishich are fairly simple to solve like
those of the form "something-with-squared equals some number”, and then with
trinomials. An example would be:

(Xx—4F=5

X—4 =4[5

x=4 i\."’E

X =4 —/5andx = 4 +4/5
Unfortunately, most quadratic equations don't coreatly squared like this. Thus, students
shall learn how to use the technique of "completivegsquare” to rearrange the quadratic into
the neat "(squared part) equals (a number)" fodeatonstrated above.
The teacher can demonstrate the steps using dhe @llowing examples. Then, the teacher
can prepare similar questions and give each groepgoiestion. Let students work in their
groups for some time and then disperse the homgpgaad form other groups where each
student can share other groups’ solutions.
Lesson Notes
Example 1:

Solve the equation>d — 2 — 5=0.



Solution:

This is the original problem. 4H2—-2%-5=0
Move the loose number over to the other side 4HE—2%=5
Divide through by whatever is multiplied on th x4 = lx = >
squared term. 2 4

Take half of the coefficient (don't forget the
sign!) of thex-term, and square it. Add this -—— 5 —

square to both sides of the equation. 4 16
Convert the left-hand side to squared form, a A 21 +l .1
simplify the right-hand side. (This is where yo 2716 4 16
use that sign that you kept track of earlier. Ya ha 21
plug it into the middle of the parenthetical par (x=4) = I
Taking the square root both sides, remember 1 =1 1
the "+" on the right-hand side. Simplify as a——=1 =1
necessary. 4 16 4
Solve for %k =". x= li @

47 4
Remember that the "+" means that you have 1421 PR 21
values forx. s ame A=7

Students should be reminded that when they comfiietequare, they should make sure that
they are careful with the sign on tkeéerm when they multiply by one-half. If they loget
sign, they can get the wrong answer in the endauseethey might forget what goes inside
the parentheses. Also, careful not to be sloppyveaitl to do the plus/minus sign until the
very end.

Example 2: Solve x2 + 6x — 7 = 0 by completing the square.
Do the same procedure as above, in exactly the sathee. (Study tip: Always working these

problems in exactly the same way will help you rerber the steps when you're taking your
tests.}

This is the original equation. X +6x—7=0

Move the loose number over to the other side. X+ ex=7

Take half of thex-term (that is, divide it by two) (and don't fordkee X +éx =7
sign!), and square it. Add this square to bothsmfehe equation.

Convert the left-hand side to squared form. Sifpphe right-hand (x+3f=16




side.
Square-root both sides. Remember to do "t+" onitite-hand side. X+3=%4
Solve for 'k =". Remember that the "+" gives you two solutions. x=-3zx4
Simplify as necessary. =—3-4,-3+4
=-7,+1

Remind students if they are not consistent withewaimering to put the plus/minus in as soon
as they take square root both sides, then this example of the type of exercise where they
will get themselves in trouble. They will write yoanswer asX'= -3 + 4 = 1", and have no
idea how they gotX'= —7", because they won't have a square root syfmdminding” them
that they "meant" to put the plus/minus in. Thatifithey miss, theseasierproblems will
embarrass themselves!

Example 3: Solve¢ + 6x-10 = 0.

Apply the same procedure as on the previous page:

This is the original equation. X+ &x=10=0

Move the loose number over to the other side. X +6x= 10

Take half of the coefficient on the x-term (thatd#vide it by two,
and keeping the sign), and square it. Add this sguaalue to both |2 + 6x + 9= 10 +9
sides of the equation.

Convert the left-hand side to squared form. Sifplie right-hand | (x + 3¢ = 19
side.

X+ 3=4/19

Square root both sides. Remember to put the "s#themight-hand | x = +y/19
side.

Solve for %k =", and simplify as necessary. x=-3 %15

Quadratic Formula

After students’ successful understanding of thecgss of completing the square, the next
discussion would be on performing completing thease for the generic quadratic equation
written asax’ + bx + ¢ = 0. Here, the teacher can ask students try tib lbip themselves in
their groups. With the assistance of the teachey thight be able to come up with the
guadratic formula.

Though it is understood that there is a difficuacher might face (showing students how
the Formula was invented, and thereby giving anmgsa of the usefulness of symbolic

manipulation), the computations involved are oféehit beyond the average student at this
point. But, if explained well any student could geeasily. Here is what the teacher is
looking for:



Deriving the Quadratic Formula starts by solvi
the general quadratic equatiorfaxbx + c =0, |ax+bx+c=0
a 0.This is the original equation.

Move the loose number to the other side. ax +bx= -
Divide through by whatever is multiplied on th{ _: +E . _c
squared term. T a a
Take half of thex-term, and square it. A X
T3

Add the squared term to both sides. 2a 4‘§ 5

N & it 2 o b

" o P a Al
Simplify on the right-hand side; in this case, b 3 dge B
simplify by converting to a common P == “; .
denominatol a  da da®  da
Convert the left-hand side to square form (and { L6 Y p?—dac
a bit more simplifying on the right). i aa) T dgl

Square root both sides, remembering to putth & _ b —dar  *4b? —lac
"+ on the right. T a2t S
2 2
Solve for % =", and simplify as necessary. po_ B g mdac  —BENE —dac
2ia P S
Conclusion

Whether students are working symbolically (as & ldst example) or numerically (which is

the norm), the key to solving by completing theaguis to practice, practice and practice.
By so doing, the process will become a bit moretdianatic”, and they will remember the

steps when they are asked any time. Thus, teabbaldsgive practice exercises.

Practice Exercises
1. Factorize the following expressions:

a) 57¢-21+19-7%
b) x*-16

c) 16 —40% + 9 + 4%

d) 3x*—4¥h) (x-1f-4
e) 5(x—8f+8—133

f) 24X —36x +30

g) 1-9(x+3j

2. Solve for the unknown in each of the following:

a 5b5x@Bx-7)=0
b) 12¥-3=0



c) 4X¢+6=11x
d (2x-3f-4=0

3. Solve for x in each of the following
a) 3¢-11=14-13%
b) (x-1f-4=0
c) 3x° — 14x = X — 13x
d)  3x=10-13x
e) (x+8f=25
f) X+ 2x = 8x
g 5¢+3=21+3%
h)  2¥+x14-2%
4. Use completing the square to solve the followingdyatic equations:
a) 2-5x+3=0
b) 9%¢+x+1=0
c) 4C%+4x+1=0
d) x¥*-5x-3=0

5. Which one of the following is an equivalentrfoof the quadratic
expressioBx” +12x +1?

A 3(x+2)* +13 C.3(x+2)*-11
B. 3(x+2)° -1 D. 3(x+2)° -13



» State Viete's theorem
* Apply Viete’'s theorem to solve problems

Suggested ways of teaching this topid®resentation of the teacher followed by individual
consolidation and practice activities

Starter Activities

Before coming to the discussion on Viete’'s theomd its application, the students shall
understand the nature of the roots of a quadrati@ton. The teacher might start from “A
Question and Answer Session” where students casked to solve the following quadratic
equation and find out the relationship betweenrtwes and the coefficients of the equation.
The process goes as follows:

Example: Solve each of the following equations by usingdhadratic formula:

a) 2X-3x—-2=0
b) 4x*—4x+1=0
c) 3xX¥-2x+1=0

Solution:

a) 2X-3x—-2=0
a=2,b=-3,c=-2
o (3 - 4)(-2)
2(2)
3+,9+16
X=—
4

+
X=——or
4
3-5
X=——
4
X=2 or x=—l
2

b) 4x°—4x+1=0
a=4,b=-4,c=1

Xz—EQiV—®2—4®®




c) 3 —-2x+1=0
a=3,b=-2,c=1

=~ (2£4(2° - @B

2(3)
= -2+4-12
6
. -2++-8
6

SinceJy—a, wherea> 0, is undefined; this equation has solution.

At this stage, the teacher shall ask students serwk the value df* - 4ac(the expression
inside the square root)for each of the three quiadrarhe expected results are:

For a); B - 4ac = 25, which is greater than 0
Forb); HB-4ac=0
For c); i - 4ac = - 8, which is less than zero.

The next is asking an important questivhat do you observe from the sign of B— 4ac
and the number solutions of these equations?”

Expected Answer
« From the examples solved above, it is clear thatetkpression®- 4ac is the key to
determine the nature of roots of a given quadegiication.
« The expression® 4ac is called the discriminate and its valud arilable us to make
predictions regarding the types of roots that wieafatain.
Lesson Notes
Let D = If — 4ac.
1. If D > 0, then the equation ha 2 distinct solution
2. If D =0, then the equation has exactly 1 solution
3. If D <0, then the equation has No solution

Example:

Find the discriminate of the following equationgiatetermine their nature of roots, without
actually solving any of them:

a) X*+2x-5=0
b) 2% -x+1=0
c) x*+5x—-6=0

d) X%+ 4x +4 =0



Solution:

a) X*+2x-5=0
a=1b=2,¢c=-5
D = i — 4ac = 3— (4)(1)(-5) = 24
D>0 2 distinct Solution
b) 2xX*—=x+1=0
a=2,b=-1,c=1
D=b*~4ac=(-15 (0) - (4)(2)(1) = -7
D <0 No solution
c) X*+5x—6=0
a=1b=5c¢c=-6
D = if — 4ac = B— 4(1)(-6) = 25 + 24 = 49
D >0 two distinct solutions
d) x¥*+4x+4=0
a=1b=4,c=4
D = ¥ — 4ac = 4— 4(1)(4)
=16-16=0
D=0 Exactly 1 solution

Applications of the Nature of Roots
Example 1:
For which values of k will the equation®kx + 1 = 0 have equal roots?
Solution:a=2,b=kandc=1
D = I — 4ac = (K5 -4(2)(1)
= K-8

But D = 0 (equal roots)

k’-8=0
k=++8
Example 2:

Find the value of k for which the quadratic equaxfo- 8x + k =0 will have exactly one
solution.

Solution:a=1,b=-8,c=k
D = - 4ac = (-8)— 4(1)(k) = 64 — 4k

But D = 0 (which means one solution)



64— 4k=0

64 = 4k
k=16
Example 3:

Find the value(s) of k for which the quadratic epra3xX -2kx + 3 = 0 will have exactly one
solution.

Solution:
3 —-2kx+3=0
a=3,b=-2k,c=3
D = if — 4ac = (-2l - 4(3)(3)
=41 - 36
ButD=0 4K=36
k=+3

Now, before stating the theorem, the teacher ctakd one of the quadratic equations with
two roots and ask students to

1. add the roots, then compare the sum with the wafiad for that equation

2. multiply the roots , then compare the product itk value orZ—for that equation
If x? + 5x — 6 = 0 were taken the roots are F 6 and 5 = 1.
Thus, §+15,=-6+1=-5=" and {xr,=-6x1=-6=1

This is time the theorem that explains the exisipgcial relationship between the roots of a
guadratic equation and its coefficients can beedtat

Viete’'s Theorem

Theorem: If the root ofax? + bx + c=0,a 0 are f and p, then
_-b
ajr+r, = ’y

c
b)rr, ==
)T =



Example 4: Check Viete's theorem using@x3x —5 =0
a=2,b=3,c=-5

Checking Viete’'s Theorem

-b
a

N o
N w

Sum:r, +r, =1+ -

S
2

oo

Productirr, =1x -

N o

Example 5: Without computing the roots andp of the equation 3x+ 2x + 6 = 0 find

1. atpB
2. ap

1 1
o+

3. a B
Solution:

From3X+2x+6=0,a=3,b=2,c=6

-b_ -2
1 a+p=—=—
) B X 3
c_6
2) ap=—==-=2
) op 273
1,1_B+a
a B ap
_2
~3_-1
2 3



Solutions:

2% -5x—-12=0 a=2,b=-5,c=-12

b) (a+pB) =a’+p+2a8
a’+p*=(a+p)-2ap

Practice Exercises

1. Find the discriminate for each of the listed equatiand determine theiature of
roots, without actually solving any of the equations:

a) 2¢—5x+3=0
b) 9 +x+1=0
c) 4C+4x+1=0
d) x¥*-5x-3=0

2. How many solutions does each equation have?

a) 3x—x+2=0
b) 2x—X+15=0
c) 1-2x+%X=0

3. If one of the roots and the product of the rootthefequation 6x+ Mx + N = 0
respectively are %2 and -2/3 , what are the valtids and N?

For what value of k will (k+3)%+ (3k+1)x + 1 = 0 have only one root?

A quadratic equation has two unequal roots. Ifdifference between them is 1 and the
difference of their squares is 2, what will be gugiation?

ok



For the following questions choose the best answer

1. Which one of the following equations has two distiroots?

A 6x°-x-1=0 C. 4x+1=0
B. 2x*-5x+4=0 D. x*+2x+1=0

2. Which one gives the sum of the roots of the qua’actjeauuationx/ix2 ~/3x+11=0?

A ~142 B. ‘\/54 C. 11\/54 D. ‘/64

2

3. If -2 and 3 are the roots of + Mx— N = 0,then what are the values of M and N
respectively?

A land-6 C. b6and-1
B. -6andl1 D. -1and 6

5. If one root ofx? + K = 0is 5, for some constarit, then the other solution is:

A. -25
B. 25
C. -5
D. 5

6. If k is a constant number and + 2x+ k =0 has at mosbne real root, then what is the
minimum value ok ?

A0 B1 C. -1 D. thereis nosuchk.
7. The set of values d&f for which kx* —kx+2 =0 has only one root is:
A {og B{8 cC ¢ D.{-12

8. If one of the roots of the equatiah —8x + k = 0 exceeds the other by 4 then k is equal

12
15
. 16
6

OO w>
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Competencies

 Describe the terminology used with sets and Veagrdims.
» Determine the placement of an element in a Vengrdra.
 Apply the notion of Venn diagrams to solve probleelated to sets.

Suggested ways of teaching this topiteacher explanation, guided practice and individual
practice

Starter Activities

The teacher may lead the students in a short dismusibout Venn Diagrams. This topic is
where we introduce the ideas of sets and Venn amagr Asetis a list of objects in no
particular order; they could be numbers, letterevan words. AVenn diagrams a way of
representing sets visually.

Teacher explanation and input

To explain, the teacher could start with an examgiere we use whole numbers from 1 to
10.
We will define two sets taken from this group ofmhers:

Set A = the odd numbers inthe group={1,3759}
Set B = the numbers which are 6 or more in thegrol6 ,7,8,9,10}

Some numbers from our original group appear in bbthese sets. Some only appear in one
of the sets.

Some of the original numbers don't appear in eitténe two sets. We can represent these
facts using a Venn diagram.

A

rurmbers which sontain: those ar SLHS P?Si
are in set A, but numbers which o JE;\g IE t
; ' arz in both sets arein s& E

net in set B not noset A

Thie eection cantaine those wumbers which 2+ not in either et

The two large circles represent the two sets.



The numbers which appearhiothsets are 7 and 9. These will go in the centrdl@gdecause this
is part ofbothcircles.

The numbers 1, 3 and 5 still need to be put in SétuAnot in Set B, so these go in the left sectibn
the diagram.

Similarly, the numbers 6, 8 and 10 are in Set B,noti in Set A, so these will go in the right senti
of the diagram.

The numbers 2 and 4 are not in either set, so withgside the two circles.

(4]

o

The final Venn diagram looks like this:
We can see that all ten original numbers appetiramiagram.

The numbers in the left circle are Set A
{1,3,5,7,9}

The numbers in the right circle are Set B
{6,7,8,9,10}

Guided Practice

After students understood the basic ideas, theofdébe lesson will be student’s practice
filling in Venn diagrams and using them.

Lesson Notes

Theintersection of sets A and B is those elements

A 2 | which are inset Aandset B A diagram showing the | &
intersection of A and B is on the left.

Theunion of sets A and B is those elements which
are inset Aorset Borboth A diagram showing the Union

Intersection

union of A and B is on the right.

Setting: Ten Best Friends

The teacher could take a set made up of ten bestf listing them like:



{Alemu, Balcha, Kassa, Demis, Eshet, Fire, Genetjush, Imam, Jasmin}
Each friend is an "element" (or "member") of the se

Now let's say that alemu, kassa, demis and hadaghSpcceand kassa, demis and jasmin
play Tennis. That is,

"Soccer" = {Alemu, Kassa, Demis, Hadush}
Tennis = {Kassa, Demis, Jasmin}

You could put their names in two separate circles:

Tennis

Soccer

alemu | kassa
demis | hadush

kassa, demis

Jasmin

Union

You can now list your friends that pl&occer OR Tennis Not everyone is in that set. Only
your friends that play Soccer or Tennis.

This is called a "Union" of sets and has the spagiabol
Soccer Tennis = {Alemu, Kassa, Demis, Hadush, Jasmin}

We can also put it in a "Venn Diagram®:

A Venn diagram is better because it shows loteifairmation easily.

« Do you see that Alemu, Kassa, Demis and Hadusahe "Soccer" set?
« And that Kassa, Demis and Jasmin are in the "Téseit®
« And here is the clever thingtassa and Demis are in BOTH sets!

Intersection
"Intersection” is those who are in BOTH sets.

In this we mean those whihey play both Soccer AND Tennis... which is Kassa and
Demis.



The special symbol for Intersection is an upsiderdtU" like this:
And this is how we write it down:
Soccer Tennis = {Kassa, Demis}

In a Venn diagram, it looks as follows:

Difference
You can also "subtract" one set from another.

For example, taking Soccer and subtracting Tenmian®s people thalay Soccer but NOT
Tennis ... which is Alemu and Hadush.

And this is how we write it down:
Soccer- Tennis = {Alemu, Hadush}

In a Venn diagram, difference of two sets can lem ses follows:




Summary So Far

. is Union: is in either set
. is Intersection: must be in both sets
- -or\is Difference: in one set but not the other

Three Sets

You can also use Venn Diagrams for 3 sets.

Let us say the third set is "Volleyball", which DemGenet and Jasmin play:
Volleyball = {Demis, Genet, Jasmin}

But let's be more "mathematical” and use a Capéttkr for each set:

« Smeans the set of Soccer players
« T means the set of Tennis players
-V means the set of Volleyball players

The Venn diagram Union of 3 Sets: STV is now like this:

You can see (for example) that:

Demis plays Soccer, Tenrasd Volleyball

Jasmin plays Tennis and Volleyball

Alemu and Hadush play Soccer, but don't play Teankolleyball
no-one play®nly Tennis

We can now have some discussions on Venn diagrébisions and Intersections.

This is just the set S



S = {Alemu, Kassa, Demis, Hadush}

This is the Union of Sets T and V

T V ={Kassa, Demis, Jasmin, Genet}

The shaded part shows tliersection of Sets S and V. (only Demis is available)
Thus, S V ={Demis}
The teacher may ask students as: “how about peirigrthe following?”

- take theprevious setS V
« thensubtract T:



Expected Answer

This is the Intersection of Sets S andnihus Set T
S V)-T={}
Look, there is nothing there!

That is just the "Empty Set". It is a null set,v8e use the curly brackets with nothing inside:

{

Universal Set

The Universal Setis the set that containgverything that we are interested in the
discussion.

Sadly, the symbol is the letter "U" ... which isgdo confuse with the for Union. Students
must be reminded to be careful not to mix up thatsyls.

In our case the Universal Set is our Ten Best Bgen
U = {Alemu, Balcha, Kassa, Demis, Eshet, Fire, GeHadush, Imam, Jasmin}

We can show the Universal Set in a Venn diagramuiiing a box around the whole thing:

Now you can see ALL your ten best friends, neathyes] into what sport they play (or not!).

And then we can do interesting things like take wiwle set andubtract the ones who
play Soccer



We write it this way:
U -S = {Balcha, Eshet, Fire, Genet, Imam, Jasmin}

U — S means: "The Universal Set minus the SocceisSkee Set {Balcha, Eshet, Fire, Genet,
Imam, Jasmin}". In other words, U — S is: "everyovieo doesot play Soccer".

Independent practice

o Allow the students to work by themselves and to plete a worksheet, the teachershould
prepare and provide one. Monitor them for questiand to be sure that the students are
working

o Students may need help with some of the later tpresst Not all of the Venn diagram
guestions are math related. Some relate to sciamcesome to common knowledge, in order
to allow students to practice Venn diagrams molg.fThus, teacher shall help the class to
talk about what an unknown word could be--chaneesgaod that if one student does not
know what a word means, someone else in the clédlss w

Example 1Given the following Venn diagram, answer e
of the following questions

(a) Which numbers are in the union of A and B?
(b) Which numbers are in the intersection of A &xd

Solution:
(a) AvB={1,3,5,7,9,6,8,10}

(b) AnB={7,9}



Example 2: For any two non-empty sets A and B, Use Venn diagre show that:

a) (AUB)'=A'NEb) (ANB) =A'UB

Solution:

Looking at the following Venn diagram,

a) AU Bcan be seen on regiohdl andlll
So,(AU B)'is seen in regiofv

On the other handy’is covered by region$l andlV, while B'is covered by regionisand
V.

So,A'n B' isregionlV. This shows thg#AuU B)'and A" n B' are represented by the same
region, V.

Thus(AUB)'= A’ NB’

b) An Bis seen on region
So(An B)'is seen in regionk 1l andIV

On the other handy’is covered by region$l andlV, while B'is covered by regionisand
V.

So0,A'U B' isrepresented by regidndl andV. This shows thgAn B)'and A"U B' are
represented by the same region, IV.

Thus(AnB)'=A"UB’
Practice Exercises

1. Complete the following Venn diagram using the infation on the right.



All the whole numbers from 1 to 10 are to be ineldd

SetA={1,4,5,7,8}
SetB={2,6,8,10}

2. Complete the Venn diagram using the informatiothanright.

All the whole numbers from 1 to 10 are to be ineldd

Set A contains all the odd numbers in this set.
Set B contains all the numbers greater than 4.

P e

8
4
L N\ 12 2
11\ \_/
9

)

‘(

7

3. The whole numbers from 1 to 12 are included inMkan diagram below.

A. Listset B

(b) List set A

(c) Which set contains all the even numbers?
B. (d)A\B
C.(e) B



4. Consider below the Venn diagram for the ten frieextsmple given earlier.

From the Venn diagram given list the elements of:

a (S T) Vv?
by S T
c) S V
d T V
e) S (T V)
)y T (SUuV)

5. Using the following Venn diagram:

a) Listthe elements that are
[. insetA
II. notinsetB
. nAnB
IV. A'nB
b) How many elements are there in:
. AOB
. AnB'
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» Sketch graphs of relations
» |dentify the domain and range of a relation.
» Show relations as mappings and sets.

Suggested ways of teaching this topi&uided Practice

Starter Activities

Before discussing how to sketch graphs of relatiwith inequalities, the teacher could
remind students the different methods of represgnd relation using an example of the
following type:

Example: How could we show the relation {(2,1), (-1,3), (3,4 different ways?
Solution:

It can be shown by:

1) Atable.
X 2 -1 0
y 1 3 4
2) A mapping.
| ¥
n !

3) Agrapt



Lesson Notes

The teacher should also have to make sure thaerstsicknow how to sketch graphs of
straight lines, which will be vital in sketchingaghs of relations with inequalities, by asking
students to sketch the graphs of some lines dbllmving type:

Example 1: Sketch the graph of the following functions:

oo
X KKK
I n
N BN X
| +
X W

Solution: To sketch the graphs of these lines, it is possth&tart with a table of values or
finding x and y-intercepts —both of which studests familiar with at lower grades.

a) y=x+3
|3 |2 1|0
4|0 1 2 3 4
b) y=2-x
Y
X |0 2 2
2

c) y=4
Yy
——
4 -2 1 1] B
Y|4 4+ | 4| 4|4 __
—|—|——v—|—'hx"
d x=2
Y
2 |2 z |2 1




Now, it is the time to introduce graphs of relaamith one inequality and step by step to two
or more inequalities. Though students might nowsitpgrade 9 students are familiar with

graphs of simple relations with one inequalityatvér grades. Thus, it might be sufficient to
give them some relations, of the following type,iesthcould be done in pairs or small

groups.

Example 2: Sketch the graphs of each of the following relation

Ri={(x,y):y<l-%
Ro={(x,):y>x+2
Rs={(x,y):y=3}
Ra={(x,Y):y=-x-3

O 0wy

Solution:

A. At the beginning, we need to find the boundary.lifleat is, y =1 — x (Remember the
inequality is strict less! So, the line must belkem) Then, we need to decide which
way to shade. This can be checked by taking thrggnori0, 0) in to the inequality. For
y <1 — x,if we substitute (0, Ghenwe getO <1,which is true. Thus, we shade below

the line y =1 — x,towards the origin.

s

B. Here, the boundary line is, yx=+ 2. As the inequality is strict greater, the line mus
be broken. Then, we need to decide which way taesh@his can be checked by
taking the origin, (0, 0) in to the inequality. Fgr>x + 2, if we substitute (O,
0)thenwe getO >2 which is false. Thus, we shade above the linexy+=2, opposite

to the origin.

C. In R, the boundary line is, y = 3. As the inequalitglides equality, the line must be
solid. Then, we need to decide which way to shatles can be checked by taking the
origin, (0, 0) in to the inequality. Fgr= 3, if we substitute (0, @renwe will geD=
3,which is true. Thus, we shade below the line y, to®ards to the origin.



4 &

D. In this case, the boundary line is, y x - 2 As the inequality includes equality, the
line must be solid. Then, we need to decide whialy W shade. This can be checked
by taking the origin, (0, 0) in to the inequaliyy= - x — 2.If we substitute (O,
0)thenwe will ge0z= — 2,which is true. Thus, we shade below the boundaepii= -

X - 2,towards to the origin.

Example 3: Sketch the graphs of each of the following relation

a) Ri={(x,)): y>x+1andy= 3}

b) Ro={(x,}):y=x+2and ¥ -x +2}

c) Re={(x,y):y>1-x,x=2andy<3
d) Ra={(x y):y>-x-1, xx+1anks 3}

Solutions:

a) Here, we have two boundary lines. 1 and y = 3 Since the first inequality is
strict less and the second includes equality, ¥+% must be broken and y = 3
must be solid. To decide which way to shade, weotetk both inequalities, one

by one, taking the origin, (O, 0).

is false. Thus, we shade above the line x+%, opposite to
the origin, as shown.

alY Fory = 3,if we substitute (0, Ghenwe get0 < 3, which is
true. Thus we shade belgw= 3, towards the origin.

Since Ris a relation with two g=3 TR
inequalities joined by “and”, we will NV
1




sketch both graphs on one co-ordinate plane aredtbekintersection of the two
regions, as shown below.

b) Here, we have two boundary lineg=x+ 2 and y = -x +2 Since the first
inequality includes equality and the second ineu# strict lessy =x+ 2must

be a solid line ang = -x +2must be broken. To decide which way to shade, we
can check both inequalities, one by one, takingotiwgn, (O, 0).

Fory = x + 2,if we substitute (0, Ghenwe getO =2, which is
false. Thus, we shade above the line x+2, opposite to the \\y\a'm
2

origin, as shown.

Since Ris a relation with two inequalities joined by “andte
will take the intersection of the two shaded regiaafter
graphing both on one co-ordinate plane.

o

\\

Fory< -x +2,if we substitute (0, Ghenwe get0 < 2, which
is true. Thus we shade belgws - x+2, towards the origin.

In Rs, there are three boundary lines: § = x, x = 2andy = 3.
As the first and the last inequalities are stfctth lines y =1 — xandy = 3 shall
be solid. But, since the second includes equdigylinex = 2must be solid.

For y>1 — x,if we substitute (0, Ghenwe get0 =1, which is false. Thus, we

shade above the line L= x,opposite to the origin.
Forx = 2, whenwe substitute (0, thenwe getO = 2which is true. Thus, we

shade towards the origin, to the lefoof 2.

Fory = 3, if we substitute (0, Ghenwe getO =

3, which is true. Thus we shade belgw 3,
towards the origin.

Since R3 is a relation with three inequalities
joined by “and”, we will take the intersection ol
the three shaded regions after graphing both o
one co-ordinate plane, as shown.

The final regionR will be the one shown below.




d) In this case, there are three boundary lines. Hneyy =- x -1, y = x +landx =
3. As the first and second inequalities are stthat, linesy = x -1 andy = x +1
must be brokenThe third inequality includes equality, the lineush be solid.
Then, we need to decide which way to shade. Tmsbeachecked by taking the
origin, (0, 0) in to the inequalities.

Fory > - x — 1,if we substitute (0, Ghenwe will get 0>— 1, which is true.
Thus, we shade above the boundary ¥ire- x - 1,towards to the origin.
Fory < x +1,if we substitute (0, Ghenwe will get0< 1, which is true. Thus,
we shade below the boundary Iye x +1, towards to the origin.

Forx = 3,ifwe substitute (0, @henwe will get0 < 3, which is true. Thus, we
shade towards the origin — to the left of the ke 3.

-*
«

The final regionR will be the one shown below.
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Practice Exercises

1.

Sketch the graphs of the following relations

A. R={(x,y):x+y<2andy<x}

B. R={(x,y):y>x-1,y>-x-3and y <4}
C.R={x,y):y x+1,x+y -2andx<2}
Write the inequality represented by each of thio¥ahg graphs

N\

Y

&



» Sketch graphs of relations
» Determine the domain and range of relations froair thraphs

Suggested ways of teaching this topi€&uided Practice
Starter Activities

The teacher may start with asking questions ofdhewing type:
“Who can define relations?”

“Who will tell us what domain means?”

“What about range?”

Expected Answers:

A relation is a set of ordered pairs

The domain is the set of 1st coordinates of thered pairs.
The range is the set of 2nd coordinates of thereddpairs.

After the definitions are revised, the teacher msly students to come up with answers to
guestions of the following type:

Given the relations: & {(3,2), (1,6), (-2,0)} and &= {(2, 4), (3,-1), (0,-4), (3, 4)}ind the
domain and range of each relation.

Expected Answers:
For R, Domain = {3, 1, -2} and Range = {2, 6, 0}
For R, Domain = {2, 3, 0} and Range = {4, -1, -4}

Example 1:What is the domain of the relation {(2, 1), (4, &, 3), (4, 1)}

)
)

, 4}

P A

A }
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Example 2: What is the range of the relation {(2, 1), (4,@),3), (4, 1)}?

1%



1. {2,3,4, 4}
2. {1,2,3,1}
3. {2,3, 4}
44/(1, 2, 3}
5. {1,2, 3, 4}

After a short summary on the definitions of domaird range of relations, the teacher may
continue the discussion, using appropriate examepfet/pe given below, to answer the

important question: “How could we determine the domand range of relations with two or

more inequalities?” (The graphs could be graphshote relations discussed in Topic 4
above.

Major Idea:

To determine domain and range of relations with twamore inequalities, it is better to
sketch their graph and see the region coveredéyetation both horizontally and vertically.

The teacher may start with those graphs of relatiaith only one boundary line and
continue with relations with two or more inequaldti

Lesson Notes

Example: Determine the domain and range of relations reptedeby the graphs given
below

a) b) 7 d)
1L

MR

-~

c)

I
\

Solution:

a) Since the border line goes non-stop on both doestithere is no limit to the relation
(shaded region) vertically and horizontally. Thilie domain and range of this relation is
the set of all real numbers

b) Same asin a)

c) As the boundary line does not limit the shadedamdiorizontally, the domain of the
relation is the set of real numbers. But, as thendary line limits the relation vertically
aty = 2 and the liney = 2 is a solid one, thegeaaf the relation is given by {y:zy 2}.

d) As the boundary line limits the relation horizoitaht x = -1 and the line is solid, the
domain of the relation is given by {x:=x-1} But, as the boundary line does not limit the

shaded region horizontally, the range of the reteis the set of real numbers.



CONCLUSION

The teacher might ask students to conclude ondh®aah and range of the relations given by
graphs of type a) and b) above. The students grecéed to conclude as follows:

If the relation is represented by a graph with sbddegion above or below one boundary
line which is neither vertical nor horizontal stgdit line, the domain and range of the
relation will be the set of all real numbers.

Example: Determine the domain and range of the relationsesgmted by the graphs below.

Solution:

a) Since the boundary linesy =2 —x and y = x + 2na (0, 2), with y= 2 — x a broken
line, and the shaded region is limited horizontatlythe right by the line x = 0, the
domain of the relation is {x: x < 0}. But, as thegion is not limited vertically, the
range of the relation is the set of all real nuraber

b) The first step is to determine the intersectiompoif the boundary lines. To get that,
we can solve both equations simultaneously usingstgution method. Thus,
substituting the value of y = 3 into y= x +1, we §e= x +1, which gives x = 2. So, the
intersection point of the boundary lines is at3R,

When we see the shaded region, it is limited haotgty to the right by the line x = 2,
with the line y = x + 1 broken. So, the domainloé telation is {x: x < 2}. The shaded
region is also limited vertically upwards by thdigdine y = 3. So, the range of the
relation is {y: y= 3}.

c) Observing the shaded region, we see that it isdukar form, where it is bounded
horizontally as well as vertically from both directs. Horizontally, the region is
bounded by a broken line x = -1 from the left aydabsolid line x = 3 from the right.
Thus, the domain of the relation is {x: - 1 <«x3}. To get the boundary lines which

limited the shaded region vertically, we need ialfihe intersection points of x = 3 with
theliney =x+ 1 andy = - x -1. This can be dbgesubstitution. If we substitute x = 3
iny=x+1landy=-x-1, we gety =4 and y 4 respectively. Therefore, the range of
the relation is {y: -4 <y < 4}.

Note:

Students must be reminded about the type of relsiip between the strict less or greater
symbols and broken the lines as well as why tHatiomship existed.



d) This shaded region is also in a triangular shamejnbed both horizontally and
vertically. We need the intersection points of ihes x = 2 and y = 3 with the liney =
1- x. So, substitution results in y = -1 and x 2 +espectively. So, the intersection
points are (-2, 3) and (2, -1). Thus, the domaithefrelation is {x: -2 < x < 2} and its
rangeis {y: -1 <y < 3}.

Concluding Activities

As discussed above, determining the domain anderahgelations given their graphs is to
see where the relation is limited vertically or irontally or both. Students must be given
relations without graphs, say R &{y): y=sx - 2, y<-x+3 and y > -} and shall be asked to
determine the domain and range. (Of course, thed e sketch graphs!).Therefore, the
teacher shall make sure that students have becapable of sketching graphs of relations
and can write the domain and range from the graphsg them relations of the above type
and guiding them to practice and master the skills.

Practice Exercises

1. Write the inequality represented by each of théovahg graphs and determine their
domain and range

a) b) c) d
N |
NN #
\ \ 7,
K - X & g
13 “ d)
2 i y+tx=0
2. Sketch the graphs of the following relations antédeine their domain and range.

R={(x,y):y>x-1and x> 2}
R={(x,y):x+y 2andy<x}
R={(x,y):y x+1,x+y -2andx<2}
R={(x,y)=y<x+2andx+y <0}
R={x,y) =x<y+2 and y +x < 0}

moow»



+ Determine the domain of functions
» Determine the range of functions

Methods of Teaching the Topic:Group discussion including guided practice
Starter Activities

Focus and Review:The teacher shall remind students what has beenel@an previous
lessons that will be pertinent to this lesson antiave them begin to think about the words
and ideas of this lesson. Ask the students if teeyember:

* What relations are and what functions are.

* The meaning of domain and range of relations

* The definition of functions

* To identify a given graph represents a functiomot
* The vertical line test and what it is used for

Expected Explanations

A "relation” is just a relationship between setsndbrmation. Think of all the people in one
of your classes, and think of their heights. Thiipg of names and heights is a relation. In
relations and functions, the pairs of names anghtgiare "ordered", which means one comes
first and the other comes second. To put it anotfesr, we could set up this pairing so that
you give me a name, and then | give you that p&dugight, or else you give me a height,
and | give you the names of all the people whalaaetall. The set of all the starting points is
called "the domain" and the set of all the endingts is called "the range.” The domain is
what you start with; the range is what you end ithvlrhe domain is thg's; the range is the

y's.

A function is a "well-behaved" relation. Just aghmmnembers of your own family, some
members of the family of pairing relationships better behaved than other. This means that,
while all functions are relations. Butot all relations are functions. When we say that a
function is "a well-behaved relation", we mean tlgten a starting point, we know exactly
where to go; given ar, we get only and exactly one The teacher may use the following
examples to explain what function means.

domain range
-3 -6 This is a function. You can tell by tracing froncha to each
-2 -1 y. There is only ong for eachx; there is only one arrow
-& g coming from eaclx.
2 1 15



dumain range

B Thisis a function! There is only one arrow coming froncles;
-2 there is only ong for eachx. It just so happens that it's always
-1 _.p.‘:__ﬁ - .
0 the samey for eachx, but it is only that ong. So this is a
1 -~ function; it's just an extremelyoring function!
damain range
3 6 This one is not a function: there aweo arrows coming from
-2 i the number 1; the number 1 is associated withdifferent

range elements. So this is a relation, but it tsanfmnction.

il

|
= .
Lok £

Sl =]
I
\
) Y
[
Lk

=
:
5
=
-
43

iy

[
Lh

I
2]

g

Okay, this one's a trick question. Each elemeth@domain
that has a pair in the range is nicely well-behaBad what
about that 167 It in the domain, but it has no range element
that corresponds to it! This won't work! So theis s not a
function. It is not even a relation!

t:.'l (Y

Pl (2
1
—

o
e

d“’;“‘i“ m;ge This one is straight forward. For one domain elermenhave
) ” only one range element and vice-versa. It is ato@e
———— .
5 ey 7 function.

The "Vertical Line Test"

To continue with the discussion on functions graplty, the teacher might pause questions
of the following type to be answered by a smallugraliscussion: “what if we sketch the
graph of the relation that consists of a set cairigijust two points: {(2, 3), (2, —2)} and test
it with the vertical line test?” We already knowattthis is not a function, since= 2 goes to
each ofy = 3 andy = -2.

-

If we graph this relation, it looks like:

E

>

Notice that you can draw a vertical line througa tvo points,
like this:

This characteristic of non-functions was noticedl avas codified in "The Vertical Line
Test": Given the graph of a relation, if you caawlra vertical line that crosses the graph in
more than one place, then the relation is not atiom. Here are a couple examples:



This graph shows a function, because there is ricak
line that will cross this graph twice.

v

This graph does not show a function, because ampau

of vertical lines will intersect this oval twiceoFinstance,
they-axis intersects (crosses) the oval curve twice.

Lesson Notes
"Is it a function?" - Quick answer without the grap

Think of all the graphing that you've done so e simplest method is to solve for 2",
make a T-chart (table of values), pick some vafoes, solve for the corresponding values
of y, plot your points, and connect the dots. Not aslyhis useful for graphing, but this
methodology gives yet another way of identifyingdtions: If you can solve fory"=", then
it's a function. For exampley2 3x = 6 is a function, because you can solveyfor

2y+X=6
2y=-X+6
y=—x+3

-
=

On the other hang? + 3x = 6 is not a function, because you can't solveafoniquey

YV +3x=6
Y= —3x+6
-

_ R
y i1| 3x + 6

This is solved for y =", but it's notunique Do we take the positive square root, or the
negative? So, in this case, the relation is natn&tion. (We can also check this by using our
first definition from above. Think of¥'= —1". Then, we gef’ — 3 = 6, so/* = 9, and thely
can be either -3 or +3. That is, if we did an arahart, there would be two arrows coming
fromx=-1.)

Functions: Domain and Range

Let's return to the discussion of domains and rangéen functions are first introduced, you
will probably have some simplistic "functions" arelations to deal with, being just sets of



points. These won't be terribly useful or intemggtiunctions and relations, but your text
wants you to get the idea of what the domain andeaf a function are. For instance:

+ State the domain and range of the following retatls the relation a function?
{(2,-3), (4,6), (3, -1), (6, 6), (2, 3)}

The above list of points, being a relationship lesw certainx's and certaiy’s, is a

relation. The domain is all thevalues, and the range is all th@alues. To give the
domain and the range, we just list the values witlioiplication:

Domain: {2, 3, 4,6} and Range: {-3, -1, 3, 6}
Students could be reminded that it is customaristahese values in numerical order, but it
is not required. Sets are called "unordered lists", |y ttan list the numbers in any order
they feel like. Just should not duplicate.
While the given set does represent a relation (Iseds andy's are being related to each
other), they give two points with the samealue: (2, —3) and (2, 3). Singe= 2 gives two
possible destinations, thénis relation is not a function.
Note that all we had to do to check whether thatiah is a function,is to look for duplicate

x-values. If we find a duplicatevalue, then the differertvalues mean that we dmwt have
a function.

Example:
Given the relation:{(-3, 5), (-2, 5), (-1, 5), B), (1, 5), (2, 5)}, state the domain and range
of the following relation. Is the relation a furai?
Just list thex-values for the domain and tigevalues for the range: So,
Domain: {-3, -2, -1, 0, 1, 2} and Range: {5}
In this example, every-value goes to the exact samgalue. But eaclx-value is different,
although it is boring; this relation is indeed adtion. In point of fact, these points lie on the

horizontal liney = 5.

Example: Is the following graph a function or not? If it isrite its domain and range.

Solution: It passes the vertical line test and so it isrecfion.

As the graph moves non- stop downward, its domdn(all real numbers) and the Range is
{y:y=1} =(-0, 1]

11



Example: Determine the domain and range of the followingcfions from their equations
a) f(x) =Ix-1

b) f(x)=>x—-4x+3

Xx+1 x<1
c) f(x)= 5 x»1

Solution:
a) f(x)=Ix-1|
All real numbers can fit into the value of x. Thlmmain =R

But, for any value of x, the result y is alwaysajez than or equal to 0. Thus, Range
={y:y =20} =[0, »)

b) f(x) =X —4x +3 using completing the square methd¢k) = (x — 2f— 1
Domain =R Range = [-1¢0)

X+l x<1

VT= 51

The possible values afis x < 1in the first part and = 1. Thus, the union is the set

of all real numbers. So, DomainR: For any real number x, the maximum we get is
2. Thus, Range =, 2]

Domain of Composed functionsSometimes some functions might be combinationgtedro
functions. In that case the domain of such funstioan be obtained by taking the intersection
of the domains of the parts.

Example: Find the domain of h(x) /3x +x*— 1.

Solution: h(x) =+/3x + 3 — 1 can be sum of two functions. f(x)/8x and g(x) = X— 1
Domain of f =[0,0) and Domain of g R
Domain of h(x) = Domain of (f + g) (x) = Domain bfi Domain of g

=[0,0)nR =[0,0)

Example: Find the domain of f(x) 2/x+4 +%4.
X

13



Solution:

f(x) = Vx+4 +%4 can be expressed as a sum of two functions g(\;é)<$4 and r(x) =
X

1
X+4
Domain ofg = x= - 4 or [-4,)
Domain of r =R\ {-4}
Domain of f(x) = Domain of (g +r) (x) = [-4¢)n R\ {-4}
= (-4,%)

Concluding Activities

The teacher shall make sure that the followingsaramarized by the students through
exercises.

* A Relation R is a function if and only if whenevgr y) 0O R and (x, zJJ R theny =
z.

« If avertical line touches the graph of a relatt@mot more than one place, then the
graph represents a function.

* The domain of the sum, difference, product andignbbf the two functions can be
obtained from (Dom fh (Dom of g)



» sketch graphs of quadratic functions

» determine vertical axis and turning point of thagr of quadratic functions without
sketching

Suggested ways of teaching this topi&uided practice
Starter Activities
The teacher may begin with questions of the folimnype:

* What is the general form of quadratic equation?

«  Who will show me completing the square for f(x) =x6x — 4?

* Who can sketch the graph of f(x) = 2x?

* How do you find x —intercepts of a graph? For exiamihme x intercepts of f(x) =
2x+1

« Can anyone sketch the graph of f(x)= x

After thorough discussions of the ideas in the abquestions, the teacher could lead students
to the discussion of the graphs of quadratic eqoatstarting from the basic quadratiy is

.
Lesson Notes
The general technique for graphing quadratics esstime as for graphing linear equations.

However, since quadratics graph as curvy lineddddiparabolas”), rather than the straight
lines generated by linear equations, there are swiditional considerations.

incorrect graph

The most basic quadratic function ys= x>. When you graphed straight lines, you only
needed two points to graph your line, though younegally plotted three or more points just
to be on the safe side. However, three points altifiost certainlynot be enough points for
graphing a quadratic function. For example, suppostident computes these three points:

Then, based only on his experience with linear lggape tries to put a straight line through
the points. He got the graph wrong.

3%



y=x

x
0
1
2

Taking many points:

0| 0¢=a0
1 1% =1
2 | 2%=d
3| 3%=%
4 | 4% =15

The last point has a rather largealue (16), so we may decide that we won't botlnawing
the graph large enough to plot it. Now, plot aé tither points:

We draw a nicely smooth curving |
neatly through the plotted points: . .

L] L d

Some students may plot the points correctlincorrect "segment” graph |correct graph of = X2

but will then connect the points with straigh "
line segments, like the one in the box. Teag

should remind students the graph must be \ f
smooth curve. They do still need a ruler for
doing the graphing, but only for drawing the
axes, not for drawing the parabolas. Parab
graph as smoothly curved lines, not as joint
segments.

The general formy = ax® + bx + ¢

For graphing(x) = ax? + bx + ¢, the leading coefficien&" indicates how "fat" or how
"skinny" the parabola will be.



For |a| > 1 (such aa = 3 ora = —4), the parabola will be "skinny", becauserdvgs more
quickly (three times as fast or four times as feegtpectively, in the case of our sample values
of a).

For |a| < 1 (such aa = /3 ora="",), the parabola will be "fat", because it grows enor
slowly (one-third as fast or one-fourth as fasspextively, in the examples). Alsoaik
negative, then the parabola is upside-down.

We can see these trends when we look at how tive gur ax¥ moves asd" changes:As the
leading coefficient goes from very negative to lslig negative to zero (not really a
guadratic) to slightly positive to very positivegetparabola goes from skinny upside-down to
fat upside-down to a straight line (called a "degate" parabola) to a fat right-side-up to a
skinny right-side-up. Copyright © Elizabeth 2002120All Rights Reserved

There is a simple, if slightly "dumb”, way to remieen the difference between right-side-up
parabolas and upside-down parabolas. If, for im&alyou have an equation whemeis
negative, but you're somehow coming up with plahfsothat make it look like the quadratic
is right-side-up, then you will know that you netedgo back and check your work, because
somethings wrong.

Parabolas always have a lowest point (if the pdaalsoup side) or a highest point (if the
parabola is upside-down). This point, where theapala changes direction, is called the
"vertex".

If the quadratic is written in the forgn= a(x —h)? + k, then the vertex is the poirtt,(K). This
makes sense. The squared part is always positivea(fight-side-up parabola), unless it's
zero. So we will always have that fixed vakyend then we will always be adding something
to it to makey bigger, unless of course the squared part is Srahe smallest can possibly
be isy =k, and this smallest value will happen when the sgipartx — h, equals zero. And
the squared part is zero wher h = 0, or wherx = h.

The same reasoning works, wikhbeing the largest value and the squared part alway
subtracting from it, for upside-down parabolas.

Note: The "a" in the vertex formy = a(x —h)? + k" of the quadratic is the same as thgih
the common form of the quadratic equation="ax’ + bx + c".

Since the vertex is a useful point, we can compleesquare to conveaté + bx + ¢ to

vertex form, if not written in vertex form, for fiting the vertex. But, it's simpler to just use a
formula. (The vertex formula is derived from themggeting the-square process, just as is the
Quadratic Formula. In each case, memorizationabadsly simpler than completing the
square.)

For a given quadratig = ax’ + bx + ¢, the vertex I, k) is found by computing =$ , and
then evaluating ath to find k. Since students have already learned the Quadtatioula,



they may find it easy to memorize the formulaKolt is related to both the formula farand
the discriminate in the Quadratic Formuta: 2252

i
Example: Find the vertex of = 3¢ + x — 2 and graph the parabola.

To find the vertex, we look at the coefficieatd, andc. The formula for the vertex gives
me:

h =0 ="M@ ="
Then we can find by evaluating ath = /e:
k=3(Y)?+ (Ys) -2
=336 — 6 — 2
= 1/12 —2/12 —24/12
— —25/12
So, we know that the vertex is at/§ , %1, ). Using the formula was helpful, because this

point is not one that we were likely to get on Taehart. We need additional points for our
graph:

x y:3x2+x—2 Y
—2 | 3-2F +[-2)-2=12-2=38

1| A-1PF+[-1)-2=3-3=0

0 | 30)fF+(0)-2=0-2=-2

1 M) +1)-2=4-2=2

2 | 2P +(2)-2=14-2=12

Now we can draw the graph, and we \ (—é,—%%)\'/
label the vertex:

The only other consideration regarding the vergethe "axis of symmetry". If we look at a
parabola, we will notice that we could draw a \eatiline right up through the middle which
would split the parabola into two mirrored halv&kis vertical line, right through the vertex,
is called the axis of symmetry. If we are askedétermine the axis, we simply write down
the line %k = h", whereh is just thex-coordinate of the vertex. So in the example abthen
the axis would be the vertical lie= h = s

Note: If the quadratic function hasintercepts, a shortcut for finding the axis of syetry is
to note that this vertical line is always exacttween the twa-intercepts. So we can



just take the average of the two intercepts totlgetiocation of the axis of symmetry
and thex-coordinate of the vertex.

Example: Find the vertex and interceptsyof 3¢ + x — 2 and graph; remember to label the
vertex and the axis of symmetry.

Solution: We can find the vertex easily using the formulat, Bee shall find the intercepts
before we draw the graph. To find tMntercept, we set equal to zero and solve:

y=3(0F+(0)-2=0+0-2=-2

Then they-intercept is the point (0, —2). To find tkentercept, we set equal to zero, and
solve:

0=3¢+x-2

0= (X-2)k+ 1)
X-2=0ox+1=0
Xx=2l30rx=—1

Then thex-intercepts are at the points (-1, 0) aif,(0).

The axis of symmetry is halfway between the #wo

intercepts at (-1, 0) and at/{, 0); using this, we can

confirm the answer from the previous page:
(-1+2/3)/2=(-1/3)/2=-1/6

The complete answer is a listing of the vertex,akis of

symmetry, and all three intercepts, along withaemeat
graph:

=

The vertex is at s , >+ ), the axis of symntey is the line
x =Yg, and the intercepts are at (0, —-2), (-1, 0),(a2m;i 0).

Example: Find the intercepts, the axis of symmetry, andevedfy = x* —x — 12.

Solution: To find they-intercept, we set equal to 0 and solve:
y=(0f-(0)-12=0-0-12=-12

To find thex-intercept, we set equal to 0 and solve:

0=xX—x-12

0=K-4k+3)

X=4orx=-3

To find the vertex, we look at the coefficiends: 1 andb = —1. Inserting into the formula,
we get:



h= _(_l)/z(l) = 1/2 =0.5
To findk, we replacdr = %/, for xiny = x* —x — 12, and simplify:
k= ()2 = ) —12 =Y, =Y, - 12 =-12.25

Once we have the vertex, it's easy to write dovenatkis of symmetryx = 0.5. Now, we will
find some additional plot points, to fill in theagh:

x __y:xz—x—IZ y
y !
—4 | 4y~ [-4)-1z=16+4-12=8 | J
—3| 3P -[-3)-12=9+3-12=0 \ |
—2|(-2F -[-2)-12=4+2-12=-6 |} |
:’ :2 : ,\J - - - i {
—1| -1 --)-t2=141=12=-10 | fo
0 | [0F-[0-12=0-0-12=-12 { /
1] (1P-()-12=1-1-12=-12 \ /
2 | (2P -(2)-12=4-2-12=-10 \ /
) fatad [T B T s T T B I \ i
) s —l1sl-ld=5-3-1d=-0 \_‘ ii
4| [4F-[4)-12=16-4-12=0 \ /
5| [5F-[5)-12=25-5-12=8 -

For convenience, we may pigkvalues that were centered on theoordinate of the vertex.
Now we can plot the parabola as shown above anfintlleanswer to our questions are:

* The vertex is at the point (0.5, —12.25),
* The axis of symmetry is the line x = 0.5,
* The intercepts are at the points (0, —12), (—3a®l, (4, 0).

Example: Find thex-intercepts and vertex gf= ¢ — 4 + 2.
Solution:

Since it is so simple to find theintercept, they are only asking for tkéntercepts this time.
To find thex-intercept, we set equal 0 and solve:

0= —4x+2
X+4x—2=0
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To find the vertex, we look at the coefficiendss —1 andb = —4. Then:

(-4 _
2i-1)

To find k, we replacér = -2 in forx iny = 5¢ — 4x + 2, and simplify:
k=—(-2f-4(-2)+2=-4+8+2=10-4=6
Now we will find some additional plot points, tolpeis sketch the graph:

x y:—_x2—4x+2 w
—6 -6l —a-6)+2=—36+24+2=—1C
—5 | —[=5F —4l-5)42=—-234+2042=-3

—4| —[-4f -4l-4l+2=-16+16+2=2 |
3| (-3 -dl-3)+2=-3+12+2=5 >
—z2| -[-z2F-4l-2l+z=-4+8+2=56

-2)
—1| —[-1P-

H-1,+2=-1+4+2=5

0 —(of -4f0)+2-0-0+2-2
1 —(F-al)+2=-1-4+2=-3
2 | —[2P-4l2)+2=-4-8+2=—10

Note that we picked-values that were centered on #eoordinate of the vertex. Thus,

e The vertexis at (-2, 6),
« The x intercepts are poin(s:2 — 6 ) and(—2 +v6)

Example: Find thex-intercepts and vertex gf= -¢ + 2x — 4.

To find the vertex, | look at the coefficients= —1 andb = 2. Then:

e )
h= 2i{—-1) 1

To find k, replacen= 1 forx and simplify:



=—(1f+2(1)-4=-1+2-4=2-5=-3

The vertex is below the-axis, and, since the leading coefficient is negatthe parabola is
going to be upside-down. So can the graph possildlys thex-axis? Can there possibly be
any x-intercepts? Of course not! So we expect to get(feal) solution” when we try to find

the x-intercepts, but we shall show the work anyway fifid the x-intercept, we sef equal
0 and solve:

0=x+X%-4
X¥—2X+4=0

~ (- 2) 2P - ali)ial
2(1)

_ 244 —16 _ 2ta—12

% %

I
=2_%2—q"|{_jzliﬁ,l'—3

r=

As soon as we get a negative inside the squarewedknow that we can't get a solution. So,

as expected, there are xintercepts. Now, let's find some additional plaigs, to draw the
graph:

x -x*+2x-4 ,

3| -~ 3 +2-3)-4=-9-6-4=-19 : :
Y () T S S R G R R ) e

1| (-1 +2(-1)-4=-1-2-4=-7 AN

0 — (0P +2(0)-4=0+0-4=—4 / \

1 [ +2()-d4=-1+2-4=-3 / \

2 —{2)2+2{2ﬁ—4=—4+4—4=—4 [ ‘

3 —(3F +2(3)-4= 94+6-4=-7 / \

4 | —[4F +2[4)-4=-16+8-4=-12

5 —[5F+2(5)-4=-25+10-4=-19 | \

Therefore, the vertex is at (1, —3), and the ontgricept is y intercept at (0, —4).

Concluding Activities

The teacher shall make sure that the following samrpoints of the topic are well taken by
the students. The teacher could use a short qu@zest to evaluate students’ progress apart
from observation while guiding the practice.

« The graph of a quadratic functidix) = ax’ + bx + ¢, a#0jis a parabola which turns up
if a>0and down ifa <O0.

31



« The turning point of the graph of a quadratic fimtt f(x) = ax + bx + ¢, aZ0is

_ _h2
called the vertex. It can be obtained fromE, 4ac-b
2a 4a

» The vertical line through the vertex (turning poiistcalled the axis of symmetry. It is the

vertical line x = -b

2a

« Any quadratic functiori(x) = ax*+bx+c, a #0 can be written afx) = a(x+d)* + e using
completing the square method.

Practice Exercises

1. Rewritef(x) = > + 2x - 24in the formf(x) = (x+d)* +e, where d, e[JR. Indicate the
vertex & sketch the graph.

2. Rewritef(x) = 2X — 3x — 6in the formf(x) = a(x+dy + e and find the vertex.

3. What do we do to get the graphs of the followirayrirthe graph of(x) = X%.

i. gX)=X+5
i. gx)=x¥-5
iii.  g(x) = (x— 5§

“ g9 = (x+ 57

4. Determine the intercepts, vertex and axis ofragtry for each of the following quadratic
functions and then sketch their graphs.

i f(x)=-3¥%
i. fx)=-¥-5
i. fx)=-x+5
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» State similarity triangle theorems
* Apply similarity triangle theorems
* Apply similarity ratio on similar triangles
Suggested ways of teaching this topi€uided practice, Q&A, small group discussion,...

$

The teacher may start with the brainstorming qoadike:

* Who can tell me the definition of similar triangPe®r

*  When do we say two triangles are similar?

e What kind of symbol do we use to denote similarity?

* Who can demonstrate the similarity of two triangredrawing?

Expected Answer

Triangles are similar if their corresponding (mantgh) angles are congruent (equal) and the
corresponding sides are in same proportion.

The Symbol for Similar is¥ C R

When we sapABC ~ ADEF, A
E

The 3 corresponding angles are congruent A B
i.e.0A =0D, OB =0E, OC =0F AABC ~ ADEF

The 3 corresponding sides are in proportion

l.e.
DE EF DF

The teacher shall ask the following question to ensikre students understood the idea of
proportional sides in similar triangles.

* If AABC ~AXYZ then list down as many proportional equatioayau can.



Expected Answer:

AC _ AB _BC

AABC ~AXYZ @ —=——=——
XY Yz

AC _ XZ
AABC ~AXYZ @——=——
AB XY

AC _ XZ
AABC ~AXYZ &———=——
BC YZ

AB _ XY

AABC ~AXYZ @———=——
BC YZ

What is similarity ratio?

The similarity ratio is the proportion that you géien you divide any corresponding side of

one triangle by its corresponding side in otheiilsintriangle.

Lesson Notes

The teacher shall use the following examples tgtiglents have a better practice on finding

ratio of sides in similar triangles.

Let AABC ~ AEFD as shown in the figure. Find

FD _EF

BC AB

=20cm

Example:
the length ofED and FD
Solution:  AABC ~aEFD AS-ED
AB EF
12 3 3
AABC ~AEFD E = E
BC FD
ED_12 __ 512
5 3
Example:

C 12cm F

A 5cm

In the figure, ifAABC ~ AADE, What is the length of AC?



Solution: AABC ~ AADE E = E
AE AD

EC+4:§ EC+4:4_X8:3_2
4 5 5 5

EC=6.4—-4=2.4cm
AC = AE + EC
=4+24=6.4cm

The teacher should ask students about the relatprisetween congruent and similar
triangles. The following example might help.

Example: Prove that iIAABC =ADEF, therAABC ~ ADEF

Proof: AABC =ADEF AB =DE, BC = EF and AC = DF

DE EF DF

That is, if two triangles are congruent then theysamilar.
Teacher can ask students: “Is the converse statarnef?”
Expected Answer

In similar triangles, only the angles are congrumirttthe sides are not necessarily congruent.
Therefore, similar triangles may not be congruent.

Property of a line parallel to a side of a triangle
If a line parallel to a side of a triangle is dralvetween the side and the p

opposite angle, then it divides the other two slegortionally
B

. AD AE AD AE C
Thatis, —=—or —=——
AB AC BD EC

After a thorough discussion on the similarity ratioe teacher may guide students with the
following similarity theorems, their proofs and éipations.

The AAA Theorem
If all the three angles &ABC is congruent to the corresponding angleADEF,

AABC ~ADEF



Proof
Given: AABC andADEF withOA =0D, OB =0E andOC =0F

To prove:AABC ~ADEF

Assume that AC > DF and BC > EF and mark pointsi®@ on AC and BC such that PC
= DF and QC = EF

Statement Reason
. c F
1. PC= DF 1. Construction
2.0C=0F 2. Given P
- Q Db E
3.QC= EF 3. Construction A ]
4. APCQ=ADFE 4. SAS postulate

5. 0CPQELD andOCQR=E 5. Corresponding angles of congruent triangles

6. 0CPQeELA andCQR=0B 6. Transitivity of congruence of angles

7. PQ= DE 7. Corresponding sides of congruent triangles
8. Pe_QC 8. Property of a line parallel to side of anigée
AC BC
9. bF = FE 9. Substitution
AC BC
Similarly, DE_EF
AB BC

Since the corresponding angles are congruent anddiresponding sides are proportional,
we haveAABC ~ ADEF.

A
10

Example: In the figure, if AB // ED Calculate a, b and ¢ 18 E
a 20
Solution: ECD  ACB by AAA e — c
AB_ ED
CA CE
1_8:1 :18><20 a=12 @:E R:E b:16xj-0:8
30 20 30 DC EC 16 20 20



Theorem: (AA theorem)

If two angles of one triangle are congruent to tamgles of another triangle, then the
triangles are similar.

The teacher could leave the proof to the studentsg@ the clue that they can use the
previous AAA Theorem.(Of course, they shall uséeasgn theorem of triangles!)

Example: In the figure, if PQ =5, QR = 6, PR = 4 an®QR=0RPK, find KR and KP.

Solution:
P
Statement Reason
5 4
1.0R=0R 1. Common angle
R

2. OPQR=LRPK 2. Given
3.ARQP ~ARPK 3. AA similarity theorem

RP_RK 4_RK px=-16_8

RQ RP 6 4 6 3

PQ_KP 5_KP | p=-5x4_10

RQ RP 6 4 6 3

The SAS Similarity Theorem

If two sides of a triangle are proportional to twimles of another triangle and the angle
included in these sides are congruent, then thegles are similar.

Proof:
F
GivenAABC andADEF with
OC=F, & = E P Q
DF EF D £
A B

To proveAABC ~ADEF

Construction: Assume AC > DF and BC > EF. Mark points P and Q A& and
BCrespectively such thabhC = DF andQC = EF



Statement Reason

1. PC=DF 1. Construction
2.0C=0F 2. Given
3.QC=EF 3. Construction
4. APQC=ADEF 4. SAS postulate
5. AC_BC 5. Given
DF EF
6. AC_BC 6. Substitution
PC QC
7. PQ// AB 7. property of propotional line segments
8. OCPQ=0A, OCQP=0B 8. Corresponding angles
9.0D =0A, DE=0B 9. Substitution
10.AABC ~ADEF 10. AA similarity theorem

Example: Are the given pairs of triangles similar?

a)
b)
L P K
p /65 6ok
96 84 35
© 104 R N R
Q 37 L
M
Solution:
A) congruent anglesiR =L
LN LM 84 91 7 _7
Sides in proportion—=—— —=—— o —=—
PR QR 96 104 8 8
Therefore APQR ~ANML sinceOR =0L and LN _M
PR OR

B) m(OL) = 18 — (65 + 6() = 55 = m(OR)

E = 3—5and% = 3—7 PR QR Therefore APQR isnot similar toAKLM

ML 28 KL 30 ML KL



The SSS Similarity Theorem

If three sides of one triangle are proportion tee¢hsides of another triangle, then the two
triangles are similar.

Proof
Given:AABC andADEF, With AB_BC_AC A D
DE EF DF
P
To prove:AABC ~ADEF Q

Construction: Assume that DE > AB and DF > AC.

Make point P ofDE gych thaDP = AB. Then draw a line parallel EF meet DF at Q.

Statement Reason
1. ODPQ=LDEF 1. Corresponding angles
2.0D=0D 2. Common angle
3.ADPQ ~ADEF 3. AA similarity theorem.
4, bP_PQ_DQ 4. Def. of similar triangles.
DE EF DF
5 AB_BC_AC 5. Given
DE EF DF

6. DP= AB,PQ=BC, DQ=AC 6. Steps 4 & 5 and substitution

7.AABC =ADPQ 7. SSS theorem
8. AABC ~ADEF 8. Step 3 and substitution

Concluding Activities

The teacher shall make sure that the following swenmarized by the students. The
applications of the theorems are also well pradtibeough teacher supervised exercises.

Two triangles are said to be similar if all thewresponding angles are
congruent and the corresponding sides are propaitio

The AA similarity theorem: If two angles of one triangle are congruent to
two angles of another triangle, then the trianglessimilar.

The SAS Similarity Theorem: If two sides of a triangle are proportional to
two sides of another triangle and the angle inaudethese sides is congruent,
then the triangles are similar.



The SSS Similarity Theorem:If three sides of one triangle are proportional
to three sides of another triangle, then the tramgjles are similar.

Congruent triangles are similar but similar triagmay not be congruent.

Practice Exercises

1. Find the value af in the following pair of triangles.

[ A
. —
F Py & ",
A T | I N
3o /’/.: rem - I I ™
= . P | s im N
. i o | \,
=~ 1 — i i \\
0 dcom Fy = Ll i N
= it = A D ern E | 5,
¥ Bj%\c
T acm ,
i 5,
o A
< CIn hY
. ",
| o,
| 5,
| \
4 - 5,
¥ B

D I tom J‘E‘
2. Find the value of the height,m, in the following diagram at which the tennidl Inaust be

hit so that it will just pass over the net and |&nah away from the base of the net.

]
T | ey
T | (7 Wi
o lam [ i
" ulosm | v
— B 1

3. Below are two versions ofHIZ and HYZ. Which of these two versions give a pair of
similar triangles?

. I HEESID;III_ . VERSION 2
= - HY=4 HI=8
HZ=6 IJ=10

; . / YZ=5 IJ=10
YZ=6 Z]=6 HZ=6 Z]J=2

4. In the figure, TUV and TWX are similar withTU = 10 and TW = 40, what i®th
similarity ratio?

I U w

5. In the following figure, ED // BC. A, B and Eeacollinear and A, C and D are also
collinear. Find AC and AB



» state angle properties of circles
» apply angle properties of circles to solve relgiasblems

Suggested ways of teaching this topi€uided practice,
Starter Activities
The teacher could start with brainstorming questide:
» Define the terms: chord, diameter, radius, tangesdant, arc
* What is the relationship between diameter and &oydcperpendicular to that
diameter?
Do you agree with the following statements?
1) In Equal circles or in the same circle equal chemsequidistant from the center
2) Chords which are equidistant from the center atmlkeq
3) Tangents from an external point are equal in length

Expected Answers

Chord: a line segment joining two points of a circle diree segment whose end points lie
on the circle.

Diameter: the largest chord through the center of a circle.

Radius: a line segment drawn from the center to any pairthe circle.

Tangent: any line which touches the outer part of the ciatlenly one point.

Secant:any line that cuts a circle in to two.

The diameter bisects any chord perpendicular to it.

Yes! All the statements are correct.

Angle Properties of Circles

The teacher shall revise also on the meanings ffrraad minor arcs, angle subtended by an
arc and arcs intercepted by an angle using sh&#Qwith students. Then, it would be
appropriate time to discuss the following four @ngtoperties of circles using guided

practice:

(1) Angle at Centre (3) Angles in Same Segment
(2) Angle in Semicircle (4) Angles in Opposite Segments



Lesson Notes

An inscribed angleis an angle whose vertex is on the circumferenaeaicle, and whose
sides contain chords of the circle.

An angle intercepts an arc if:
* The END-POINTS of the arc lie on the angle

» Each SIDE of the angle contains at least one eoidt-pf the arc
» Except for its end -points, the arc lies in theeridr of the angle.

X

Theorem: The measure of an angle inscribed in a circle lisdidhe measure of the arc
subtending it.

m(==ABC)= %2 m(arc AXC)

Theorem: An angle inscribed in a semi -circle is a right l@ndhe converse of this corollary
is that a circular arc in which a right angle isanbed must be a semi -circle.

m(<<ABC)= % m(arc AXC) = 90



Theorem: Angles inscribed in the same arc must be congruent.

m( <ABC)= m( =AFB) =m(<AGC)= =¥ m(arc AXC)

Theorem: An angle inscribed in an arc LESS than a semilecingll be OBTUSE, i.e.
greater than doAn angle inscribed in an arc GREATER than a semtle will
be ACUTE.

Theorem: The angle formed by a tangent and a chord drawn the point of tangency is
measured by half the arc it intercepts.

Theorem: The measure of the angle formed by two interseatimgds is half the sum of the
measures of the arc intercepted by the angle anatitically opposite angle.



Theorem: The point of intersection separates the chord 2ngggments. The product of the
lengths of the segments for one chord is the same product for the other
chord.

Theorem: The measure of an angle formed by 2 secants ishatieof the difference of the
measure of the intercepted arcs.

A

Practice Exercise

1. Given Circle O, as shown,

%%



a) Name one minor arc in the circle.

b) Name one major arc in the circle.

c) Name the angle subtended at the centre by arc BD.
d) Name the inscribed angle subtended by arc BD.

e) An angle in a semi-circle.

f) 2 angles subtended by chord AB.

2. Given: Circle with centre O, as shown belowthwn( DOB) = 86 °

Calculate:
a) m( DAB) c) m( ABD) e) m( AEB)
b) m( AOB) d) m( ODB)

3. Given circle with center O, as shown in the feguf m(arc HT)=m(arc HJ) and
m( PTH)= 58, calculate the measure of the remainingles or arcs.

N
AN
TSN

R

H

A

4. In the figure below m(arc AC)=m(arc CF), mGF)= 42 and m( GCF)= 25.
Calculate

a) m( ABC)
b) m( DHG)

%



» Determine the surface area of different types tihdgrs
* Calculate the volume of cylinders

Suggested ways of teaching this topic: teacher{dagation using demo, Q & A, guided
practice, independent practice

Starter Activities

The teacher shall start explaining the terms: daxis, base, curved surface and total
surface using demo on a cylindrical object as shbalaw.

Expected Explanation

nnnnnnnn

The radius of the circular cross-section is catlegiradius of the cylinder, and the straight
line that passes through the center of each cirarass-section is called trexis of the
cylinder. The length of the axis is called theight of the cylinder. Consider a cylinder of
radiusr and heighth, the radius and height of the cylinder are represkrdty r and h
respectively. The total surface ardeéSf) includes the area of the circular top and base, a
well as the curved surface ar€&zS@A.

T T Lid Base

dar

To determine a formula for theurved surface areaof a cylindrical can, wrap a sheet of
paper snugly around the can and tape it togeth@n the paper at the top and bottom to
match the shape of the can. Then slide the pagethefcan and cut this paper cylinder
parallel to its axis so that it forms the rectargjlewn in the above diagram.

%



Lesson Notes

As canbe seen from the above drawings, the lenfgtheorectangle = circumference of the
base circle

=2r

The width of the rectangle = height of the cylinder

=h
L Ted = Avea of the Lid + Area of the Base + Curved Surface Area
= art 4 mrt + 2ark
= Dmre + Darh
= 2arir+k)

Therefore, the total surface ard&@ of a cylinder with radius and height is given by
$ . /01 2

Find the total surface area of a cylindrical tin of radius 17 cm and height 3 cm.

Solution:

Tod =2arir+ k)
=2x3 1421717+ 3
=2x3 14217 =20
= 21%6 96

h=3:m

=17

Find the area of the curved surface of a cylindrical tin with radius 7 cm and height 4 cm.

CSA = 2arh
h=4cm

:szx?xil
7

=176

%n



. g
o, the curved surface area 1z 276 cm™.

The teacher may start with a question and ansvesigeasking questions of the following
type:

* What do you think “volume” mean?
* Whatis a prism? A cylinder?

Volume is the amount of space occupied by a three-dimmaatbbject; and it is measured in
cubic units. The most frequently used units of wzduare mms, cm? and mé3.

A solid with parallel sides is calledpaism. For example, solids such as a cube or a
rectangular box are prisms.

The Volume V, of a solid is given by:
Volume = Area of base x Height
V = Ah,
where A is the area of the base (cross-section)raisdhe height
Since Grade 9 students are already familiar wighviblumes of some solids in lower grades,
the teacher shall use Q & A or independent pradticenake students recall some of the
formulae given below. The examples also could kermgias independent practice recalling

questions.

The volumes of the following solids are often regdito solve real world problems involving
guantity, capacity, mass and strength of matemalsiding liquids.

Cuboid
Cylinder Cube :

Triangular Prism

V= iwh [

=0 V:%bhf

V=nrh

Find the volume of a cylindrical canister with radius 7 cm and height 12 cm.

—
Solution: —_—

=12 cm
%




V= rh

= X (7cmfx12 cm

=588 cnt

Find the volume of the triangular prism shown in the diagram.

f/ ,r/ Fem
, P . ~
S /12 em
i e
dem
=4
= lb}gf 9 cm
2
1 12
= ?x12x9x18 e
“ 18 cm
=972

Practice Exercises

1. Calculate the volume and surface area of the sshdsgvn in the figure below.

2. Calculate the total surface area and volume ofiadsr whose

a) Height is 5 cm and base radius 4 cm
b) Height 5 cm and base diameter 6 cm

%



15cm

N S
|e 20cm %l

3. The figure below shows a coffee can with a pldglicCalculate the surface area of
the plastic lid. What could be the volume of tha balow the lid?

4. A cylindrical water tanker has the same lengthaght as its diameter. What are the
volume and total surface area of such tanker?

Practice Exercises

1. Determine the domain and range of the followingctions

A. f(x) =[x
B. f(x) =x*
C. f(x) = V/x
D. f(x) =x

2. 1ff={(1, 3), (2,4), (5,7), (8, 9)}and g = {(}4), (2, 0), (3, 5), (8, 1)} then find
I.  The domain of:
A. f.g
B. 3f
C. -2g
D. f
9
ii.  The ordered pairs for:

A. f.g
B. 3f
C. -2¢9
D. f

)

3. What is the domain of the following functions?
a) f(x) =vVx+/6-x.
3x-1 if x>3
b) f(x)= x*-2 if —2<x<3
2x+3, if x<-2
1 1

C) f(X) =FL +m.

%
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» Determine the variance of a given statistical data
* Find the standard deviation of a given data

Suggested ways of teaching this topi€ &A and Guided Discovery
Starter Activities

The teacher could start with the revision of prasidessons on the measures of Central
Tendency — Mean, Median and Mode using Q & A, agkjuestions like:

* What is statistics?

* What do we mean by population? Sample?

* What are the measures of Central Tendency?

* How can we find each measure of central TendenbpWw3he steps using examples.

Expected Replies

A population is the whole set of items from whicaa sample can be drawn; so a sample is
only a portion of the population data. Featurea sample are described by statistics.

Statistical methods enable us to arrange, analyderaerpret the sample data obtained f
a population. We gather sample data when it is aipzal to analyze the population data
smaller sample often allows usdain a better understanding of the populatiohevit doing
too much work or wasting precious time.

Measures of Central Tendency

We make inferences about a population from a sasgilef observed values by finding the
mean, median and mode. The mean, median and medelctively known ameasures

of central tendency

Mean

Themean (or average) of a set of values is defined asuheaf all the values divided by tl
number of values. That is:

%1



sum of all values

Mean =
Mumber of walues

Symbolically, ¥ = 2>
Es

where ¥ (read as 'x bat") iz the mean of the set of x values,

> x is tae sum of all the x values, and
# 13 the number of x valaes

The marks of five candidates in a mathematics test with a maximum possible mark of 20
are given below:

14; 12; 18; 17; 13.
Find the mean value.

Solution:

%

_14+12+18+17+13
B 5

T =

_?4
S5
=14

So, the mean mark = is 14.8
Median
Themedianis the middle value of the data set arrangedderading order of magnitude

Example: The marks of five candidates in a geography testfoch the maximum possible
mark was 20 are given below:

18;17;15;14,19
Find the median mark.
Solution: Arrange the marks in ascending order of magnitude:
14, 15, 17, 18, 19
The third value, 17, is the middle one in this agement. So, median = 17

Note:

%3



The num>er of values, », inthe data set =35
Median = % (3+1) thvalue

= 3rd wvalue
=17

In general:

IMedian = %(m — 1 th value, where # 15 the number of data values 1n the samgle.

If the number of values in the data set is eveen the median is the average of the two
middle values.

Find the median of the following scores:
10161419811
Arrange the values in ascending order of magnitude:
8, 10, 11, 14, 16, 19

There are 6 values in the data set. Therefore n = 6

Mow, median = [%—H ]th value where n =6

The third and fourth values, 11 and 14, are imtliddle. That is, there is no one middle
value.

2 hdedian = 1+14

25
T2
=125

Note Half of the values in the data set lie below mhedian and half lie above the median.
Mode

Themodeis the value (or values) that occur most often.

%



The marks awarded to seven pupils for an assignment were as follows:

18;14; 18; 15;12; 19; 18

A. Find the median mark.
B. State the mode.

a) Arrange the marks in ascending order of magnitude:

12, 14, 15, 18,18, 18, 19

4+

T] th wvalae where n =7

|
=£?+_

Mow, median

—] th walae
2

—th walue

)

= dth value
=18

Note: The fourth mark, 18, is the middle data value is trrangement.
o Mledian = 18 [+ 18 15 the m:ddle data value}
b) 18 is the mark that occurs most often (It is repe& times).
After a complete revision of the measures of cénteadency, especially, how
determine the mean, the discussions on VarianceSgudard Deviation shall contir

using guided discovery method, where the teachadslethe students towardbe
formulae.

3 4

Standard Deviation and Variance

The variance and the closely-related standard tlemiare measures of how spread out a
distribution is. In other words, they are measures variability or dispersion.
The variance is computed as the average squaredtidavof each number from its mean.
For example, for the numbers 1, 2, and 3, the nearand the variance is:

=0.667

o = (1-2)° +(2-2)*+(3-2)°
3

The formula (in summation notation) for the variame a population is



o 2w

N Where is the mean and N is the number of scores.

When the variance is computed in a sample, thisttat

_~:1=—2{X_M)L

N (where M is the mean of the sample) can be used.&Biased estimate of

2.

However, by far the most common formula for compuitvariance in a sample is:

N-1""which gives an unbiased estimate af

Since samples are usually used to estimate paresnstes the most commonly used measure
of variance. Calculating the variance is an impurgart of many statistical applications and
analyses. It is the first step in calculating ttemdard deviation.

Standard Deviation

The standard deviation formula is very simplesitie square root of the variance. It is the
most commonly used measure of spread. The staddardtion has proven to be an
extremely useful measure of spread in part bedaisenathematically controllable. Many
formulas in inferential statistics use the standiedation.

Example: Find the variance and standard deviation, to owerd® place, of population
function whose distribution is given below.

Values 1 3 5 7 9
Frequency 2 3 2 3 2
Solution:
Step1) x= 20+39+25+3N+29)_60_,
2+3+2+3+2 12
Value 1 3 5 7 9
Step 2) x, - x 1-5 3-5 5-5 7-5 9-5
Step 3) (x -x)? (47 (2¥ (0 (2 @)

Frequency 2 3 2 3 2
Step4) fi(x -x)2 2(-4F 3(-2F 2(0f 3@ 247

2(16) + 3(4) + 2(0) + 3(4) + 2(16)

Step 5) Variance & =
12




_32+412+0+12+32 _ 88 _
12 12

Step 6) Standard deviationd= +/7.3= 2.7

Example: Find the variance and standard deviation to onérdd@lace, of the population
function whose distribution is given below.

Values 1 2 3 4 5
Frequency 3 3 1 1 4
Solution:
Step 1);( _ 3@ + 3(2) +1(3) + 1(4) + 4(5) _ 3+6+3+4+ 20: %:
3+3+1+1+4 12 12
Value 1 2 3 4 5
Step 2) Xi - X 1-3 2-3 3-3 4-3 5-3
Step3)  (x-xy?  (2F (¥ (O @ (@
Frequency 3 3 1 1 4

Step4)  f(x-x)? 3(2F 3C1F  10F 1(QF  4@2F

& = 3(4) + 3(1) +2(0) +1(1) + 4(4)

Step 5) Variance
3+3+1+1+4

_ 12+3+O+1+163_2~_27
12 12

Step 6) The standard deviation
0 =+/27=1.6 to one decimal place.
Practice Exercises

1. For the numbers 1, 2, 4, 4, 5, 8; find

i)  their mean, median and mode
i)  the range, variance and standard deviation

2. Given the following distribution table, find

i) the measures of central tendency
ii) the measures of dispersion



iif) the histogram that represents the distribution

v 2 4 6 7 10
f 6 2 3 6 1

3. Use the given histogram to find the mean, mediasganrange, mean deviation,
variance and standard deviation of the populatimction.

SR o R VE R Ay Y




» explain the properties of variance and standardatien
* use the properties of variance and standard dewi&di solve related problems

Suggested ways of teaching this topi&rainstorming and Guided Discovery
Starter Activities

The teacher might start with the following brainsting questions to revise the previous
lesson.

* What is Standard deviation?

* What do we mean by deviation?

¢ "What is the Variance?"

* How can we find Variance of a given data? The Steshdeviation?

Expected Responses

The Standard Deviation is a measure of how spreaidthe numbers are.

Its symbol is (the greek letter sigma)

The formula is easy: it is tregjuare rootof theVariance.

Deviation just means how far from the normal

The Variance is defined as: The average ofthered differences from the Mean.

To calculate the variance, we follow the followisigps:

+ Work out the Mean (the simple average of the nusjber

« Then for each number: subtract the Mean and sdhaneesult (thesquared
differenc@.

« Then work out the average of those squared diftmenWhy Square?)

Example: Given the population function 2, 4, 1, 5, find theiance and standard deviation.
Then add 3 to each data item, and find the variamcestandard deviation of the
resulting population function compare the variamakies and standard deviation
values.

Solution: Dataitems: 2,4,1,5

2+4+1+5 12

X = ~£=3
4 4



2= (2-3°+(4-3°+(1-3°+(5-3)°

4
:M:l_o = 25
4 4
0=+25

Old data items: 2,4, 1,5
New data items: 5, 7, 4, 8

— _5+7+4+8_ 24_

New x 6
4 4
Newg2 8=+ (7-6)*+(4-6)" +6-6)’
4
= M:E =2.5
4 4
0=+25

Thus, the new mean is 3 more than the old mearh Batiance and standard deviations are
the same.

» At this stage the teacher should ask students: tWha we conclude from this
example?” The answer is the following property.

Property 1
If a constant c is added to each value of a pojmidtinction, then the new variance is the
same as that of the old variance. The new standiv@tion is also the same as that of the
old standard deviation.

* The teacher could ask students to prove this ptpper

Proof of Property 1

Consider the data items:
X1, X2, X3, . . . % having meax.

Add c to each data item:1 * c, » + C, % +C, . . . % + ¢ and the new meah= X +C

New &



_ (4= (X+O)2+ (% e (X+0)2 +ot (X, +C— (X+0))’
n

(X +C=X+C)2+(X, +C=X—C)2 +...+ (X, +C—X+C)>
n

= (X - X2+ (- X)2 + ...+ (%- X)?
= old &°

Note: If the values are equal, the square root of théamae will be equal. Therefore, the
standard deviations are also equal.

Example: Given the population function, 2, 1, 4, 5, find tmean, variance and standard
deviation. Then multiply each data item by 3 amdi fihe new mean, variance and
standard deviation. Compare the old and new meanance and standard
deviation:

Solution: Old data items: 2, 1, 4, 5

2+1+4+5_12_
4 4

X = 3

5 = 2-3*+(@1-3°+(4-3*+(5-3)°
4

_1+4+1+4
4

10_
4
0=+25

New data items: 6, 3, 12, 15

2.5

—_ 6+3+12+15_ 36_

New mean =xX= 9
4 4

New variance =02 = (6-9°+((3-9)°+(@2-9)° + (15-19)°
4

_ (-9°+(-6)°*+Q3*+(6)°
4




_9+36+9+36_ 90 _ 995
4 4

0=+/225

The new mean X =9=3x3=xx 3
The new variance = 22.5 =>2.5=3x 2.5

= 3x the old variance.
The new standard deviationq-@Z.S = J9x25=4/3?x25
= [34/25

= |3|>< the old st. deviation

» At this stage the teacher should ask students: tWha we conclude from this
example?” The answer is the following property.

Property 2

If each data item of a population function is npliéd by a constant c, the new variance®is ¢
times the old variance. The new standard deviasi¢c| times the old standard deviation.

» The teacher could ask students to proof this ptgger the general case
Proof of Property 2
Consider the population function, XXz, Xs, . . . % whose mean i and variancé?.

New data items: GX Cx, CXs, - - - CH having new mean =xC.
(cx, —cX)? (cx, —cx)® +...+ (cx, —cx)?
New variance = n

_ (% = X)2 (X = X)? +t (X, —X)°
n

== 0252

= x the old variance

New standard deviation #c?0? = |clo



Concluding Activities

The teacher shall make sure that the following tgsoame well taken and summarized by the
students.

If all the values of a population are increasedabgonstant c then, the mean is also
increased by c while the standard deviation remamnthanged.
If all the values of a population are multiplied &gonstant c then,

i)  The new mean is & the old mean
i)  The new standard deviation is jdhe old standard deviation

Practice Exercises

1. What is the standard deviation for the numbers83596, 100, 121 and 1257

2. Find the variance and standard deviation of themipopulation function:- 3, 5, -1, 3.
Then subtract 2 from each data item, and find #meamce and standard deviation of the
new data items. Compare the old and new variaatiees and standard deviation. What
can you conclude?

3. Given the population function, 2,1,3,2, find theamevariance and standard deviation.
Then multiply each data item by — 2 and find thevneean, variance and standard
deviation. Compare the old and new mean, variandestandard deviation.

4. Use the given frequency distribution table to fihd mean, variance and standard
deviation of the population function.

Value -2 0 2 3 4
Frequency 1 2 2 2 3

5. What is the standard deviation of the first 10 rgitaumbers (1 to 10)?
6. The standard deviation of the numbers 3, 8, 12ari¥ 25 is 7.56 correct to 2 decimal
places. What will be the new standard deviatievéry value is:

a) Increased by 47?
b) Decreased by 2?
¢) Multiplied by 4?
d) Halved?



» Determine the set of all possible outcomes
* Find the probability of different events
» Apply tree diagrams to determine outcomes of expenis

Suggested Methods of Teaching The Topid:eacher explanation, small group activities
Starter Activities
The teacher could start with recalling Q & A sessisking the following:

* What do we mean by sample space or possibility set?
* What is an event? Give examples for each

Expected Answers

The sample spac&)(of an experiment is the set of all possible omtes of any trial of the
experiment to be conducted.

An event E) is a subset of the sample space. That is, art evarsubset of all possible
outcomes. We refer to this subset of outcomdaawable outcomes

For example, the sample space For an experiment of tossing a fair coin 12 5 ={5, T}, ard the
the two pessible eutcomes are the events &) — {47} and 5, — {T}

Hote that &) iz the event that 'a kead fall:' and &, 15 the event that a tail falls'
Lesson Notes
Probability of an Event

The probability of evenE occurring is given by

Mumber of outcotres in evant &

Pr(E) =

Mumber of cutcomes 11 sample space 5
This is often written as:

#(E

Pr(E) = ©

This result holds only if the outcomes of an expent are equally likely.

Note: The events are denoted by capital letters A, B, G,D.,



A die is rolled. Find:

- <
S -
a) the sample space for this experiment - = i
b) the probability of obtaining an even number & e |
c) the probability of obtaining a prime number - )
| ] e
— e

Solution:

a §={123456

k. Let 4 be the event that an even number 13 obtained.

S A={2,4.5)
prig =2 31
A(5) 6 2

c. Let B be the =vent that a prime number 13 obtained.

L B={2,3.5)
s B
Prifh = ()
3
5
1
2

Range of Probability

If an event ismpossibleg its probability is 0. If an event tertain to occur, its probability is 1.
The probability of any other event is between thesevalues. That is:

s Priimpossibe event) =0
s Pricertain event) =1
o It Aizanyevent, thea 0 = PriA) =1

Event: Impossible Event  Ewven Chance Certain
| |

Probability: 0 1

ro =

A die is rolled. Find the probability of obtaining:

a) A7



b) A number less than or equal to 6
Solution:

§={1,2.3,4,56)

a Ttizimposathle to ohtain a 7
Prian=0

k. Let A be the event that a number less than o7 equal to 6 15 obtained. Then:
A=11,2,347516}

FMumber of oatcomes in A

Hew, Pridi= .
Mumber of oatcomesin S
_ [
&
=1
Note:

o Itis certain that event A will occur as it contains all 6 possible outcomes.
» 7isnotan outcome of rolling a die as it is not possible.

A pack of 52 playing cards consists of four suits, clubs, spades, diamonds and hearts. Eachasuit h
13 cards which are the 2, 3, 4, 5, 6, 7, 8, 9jddk, queen, king and the ace card. Clubs and spade
of black color whereas diamonds and hearts ared€olor. So, there are 26 red cards and 26 black
cards. Find the probability of drawing from a wefluffled pack of cards:

A) Ablack card

B) The king of diamonds
C) Ajack

a. A pack of 52 cards has 26 black cards.

. Pr{ablack card) = E
52
1
2
c. A pack of 52 cards has 4 jacks.
. - 4
b A pacle of 52 carde hae 1 king of d:amonds. w Priajeck) = 5

~. Prithe king of diamonds’ = i = -
52 13



Complement of EventA

A'is thecomplementof eventA. It contains all of the elements in the samplespéhat are
not included inA.

( A A

S

It is certain that eitheA or A must occur. So, it follows that: For any evérand its
complement:

Prid)+Pr(d)=1

The probability that a train will be late is ﬁ. Find the probability that it will be on time.

Let # be the event that a train will be late. Then #' is the event that it will be on time.
Pridi+FPriA) =1
1
L —+Pridy =1
TR
1 _100-1  gg

CPr(dY=1-— =—— ¢
rd) =105 TT00 TTo0

A andB are said to benutually exclusive eventsf they do not overlap. This means tihaand
B are mutually exclusive events such thak dccurs themB is excluded or iB occurs thei is
excluded. That isA andB cannot occur together.




S={12734.5¢6
Let the events be defined as follows:

A = the event that an even number is obtained; and
B = the event that a prime number is obtained.

L A=1{2, 4,6}

B={235)
AnEB={2} AnB
AUB=(2,3,4,56)

Note: Mutually exclusive events have no sample points in
common.

Consider the experiment of throwing a die. Bebe the
event that an odd number is obtained Bnige the event
that an even number is obtained. Then:

A=1{1,315}
B=1{2,16)
LAmE=¢ {rm stands for 'intersection’ or 'and’}

That is, A and B have no elements (sample points) in
common. Henc& andB are mutually exclusive events,
as shown in the following Venn diagram.

Hew, Prid m 8)=Pr(A and )
_ Mumber of elements in A and B

Mumber of elements in &



Addition Law of Probabilities: For the example under consideration:

Prd) = Mumber of elements in A B 3 B 1
© Mumber of elements in S 6 2
Pr(B) = FMumber of elements in B _ E _ l
Mumber of elementsinsy &0 2

Pr(d ot B) = Mamber of elements in A ar B _ E:l o

IFumber of elements in & £
1 1
Also, Br(A)+Pr(B)= S+ 2
=1

From (1) and {2, we obtain:
Prid ot B) = Prid) + Pr(B)

Note:Pr{-‘q or 871z also denoted by Prid o o

In general:

| If Aand B are mutvally excluzive everts, then:

/_,_\\'
\\_'_/ e

—
e

If A and B overlap then,

2. If' A and B overlap, then:
Pridu ) =Fr(A)+FPr(B) - Pridm &)




Consider the experiment of throwing a die. As usual

Mumber o elements in Ao 8

Pr(dud) — :
Mumber of elements in &
=§ e
3
Pridy=Z=
ri.A4) 5
3
Fritn=Z2
ri 5] 5
Pr(ﬂﬁB}:é

We notice that:

PriA)+Pr(B) - Pr(dnE) =2+

[=TR S

Tl vh o
o | o—

(2)

From (1) and (2), we obtain:
PriduB)y=FPr(A)+PriB)-Pr(An B)

This is called theddition law of probabilities.

A dietsrolled. If A= {greater than 3} and B = {prime} , find Prif or B

S={1 2 3.4,3, 6
A={4,5, 6}
B=1{23,5}
CAnB={5

Wow, Pr{du8) = Pr(d)+Pr'B) - Pr(An B)
1

6

+

L= N

e O



S H HH il
2 H 1
= < 1,11
o 1 1 T HT 27274
< = 2%373%
T 1
1.1 1
R

So, far, we have mainly considered simple probgb@kperiments such as tossing a
or throwing a die. Usually, probability experimerise more complicated. For exam,
tossing two different coins, $sing a coin and throwing a die, or tossing theesanir
three times etc.

Recall the experiment of tossing a coin twice wheeeare interested in the numbe|
heads. The tree diagram is shown below.

Note that the tree diagram representation of tkpgement involves two parts, 'the fi
toss of the coin' and 'the second toss of the .cBkperiments that have two parts cal
represented in tabular form.

For example, the following table uses rows to regn¢ 'the first toss of the coin' ¢
columnsto represent ‘the second toss of the coin'. Theregrent's outcomes are showi
the bottom right-hand corner of the table wherertives and columns intersect.

Secend toss

M T

. M HH HT
First toss T TH T

That 1z, o= {75 HT,TH,TT}

Clearly, Pritwo heads) = i

Fricne head) =

1
2

EEN I N

Prire heads) —



$ $ & ) ( ( $
A = the numbers facing upwards on the two dicelagesame
B = the sum of the numbers facing upwards on thediwe is 10
C = the sum of the numbers facing upwards on thediwe is 13
Find:
a Pridy b Prish co Pridwn &Y d PridmE e, Prilh

Solution:

Two dice are thrown. So, there are 36 elementsarsample space as shown in the table
below.

second throw

1 2 3 4 5 &
1,47 1.9 (L&)
D4y ‘5 (2,6
340 3 (EE)
4.2 (4,4 4.3 (£,8)

3 (5,4 55 (56)
3 (6,4) 6,5 (6,6)

First
throwr

OhoLh s L) B
P
i
—
o
ST ST ST ST T ST
o L s T e

(L1, (L2), (1,3, (L 4), (15, (L6,
(21, (22), (2.3), (2.4),(2,5), (2.6),
(3.1),(3.2), (3.3, (3.4),13,5), (3.6),
(41, (4,2), 4.3, (4,9, (4,5, (4,6),
(2.1, 0.2), (5,31, 5,4), 15,9). (2.6),
(6,13, (6.2), (6.3, (6.4), (6.5). (£.6) |

ALY = 36



)

CA={(L 1,2 D, (3,3, 4, 4, (5 5, (6, 6)
w(d) 61

A= S "% 6

E={(64), (5,5, (4,60}
Ay 3 1

B e

AUB ={(L 1),(2, 2,13, 3. (4, 4, (5, 5), (6, 6),(6.4), (4,6))
n(£UB) 8 2

AS) 36 9

Pridw B =

d Ar B ={(55

Pridngy = P4nd) _ 1
AE) 36

C=¢

prey =2 0

#(s) 36



Practice Exercises

1. A lady has 3 dresses, 4 skirts and 5 blouses inWaedrobe. She decides to pack 2
dresses, 3 skirts and 3 blouses in her suitcadeefdnoliday. How many different choices
can she make?

2. A group of 12 people are waiting to board a taxie Tirst taxi to arrive can only transport
4 of them. The following taxi can transport 5 ot and the third taxi can seat the
remainder. In how many ways can the group be tiatesg?

3. A brother and sister and 5 other people are sedtexhdom in a row at a concert. What is
the probability that the brother and sister sittriexeach other?

4. A student buys sweets at the shop. On display ate8olates, 4 toffees, 3 lollipops and
2 jellybeans, all of them different. In how manyywacan the student choose 6 sweets of
which 2 are chocolates and 1 is a toffee?

5. How many four-digit numbers can be formed fromdigits 2, 3, 4, 5, 6, and 7

a) Without repetition?
b) With repetition?

6. How many ways are there to deal a five -card hambisting of three eight's and two
sevens from a full deck of 52cards?



